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Abstract. We construct families of quilted surfaces parametrized by the Stasheff multipli- 
hedra, and define moduli spaces of pseudoholomorphic quilted disks using the holomorphic 
quilts theory of Wehrheim and Woodward. We prove a gluing theorem for isolated, regular 
pseudoholomorphic quilted disks. This analytical result is a fundamental ingredient for the 
construction of Aoo functors associated to Lagrangian correspondences. 

1. Introduction 

1.1. The setting. The Fukaya category of a symplectic manifold (M, w) is an algebraic con- 
struct built out of certain Lagrangian submanifolds and their associated Floer chain groups. 
Roughly speaking the objects of Fuk(M) are Lagrangian submanifolds, while morphisms are 
elements of the Floer chain groups, CF{L, L'). The A^o structure of the Fukaya category comes 
from a whole sequence of higher compositions, 

: CF{Ln-uLn) CF{Lo, Li) ^ CF(Lo, L^) 

for n > 1, which satisfy a sequence of quadratic relations called the A^o associativity relations. 
The maps are defined geometrically by counts of pseudoholomorphic (n + l)-gons, and are 
natural extensions of the differential d and Donaldson product in Lagrangian Floer homology, 
which count pseudoholomorphic bigons and triangles, respectively. The main difference in the 
analytical theory when n > 3 is that the complex structure on the domain of the pseudoholo- 
morphic maps is allowed to vary, parametrized by the space of disks with n+1 distinct points on 
the boundary modulo complex isomorphism. This parameter space is identified with M^n+ii ^ 
component of the real locus of the Deligne-Mumford space A1o,n+i- Rs stable compactification 
realizes the Stasheff associahedron Kn, and this is where the intrinsic structure comes 
from. 

In this paper we consider a similar set-up that uses holomorphic quilts, introduced by 
Wehrheim and Woodward [10^ lllj . For d > 1, we construct families of quilts parametrized 
by moduli spaces of pointed quilted disks, and study moduli spaces of pseudoholomorphic 
quilted disks. A quilted disk with d + 1 marked points on the boundary is a configuration 
{D, C,zo, . . . , Zd) where D is the unit disk in C, {zq, . . . , Zd) is a cyclically ordered tuple of 
distinct points in dD, and C C D is an inner circle such that C fl dD = {zq}. The moduli 
space of l)-pointed quilted disks, denoted TZ"^'^, consists of such tuples modulo complex au- 
tomorphisms of D. These moduli spaces were studied in [4j3, and their Grothendieck-Knudsen 
type compactifications realize the multiplihedra, a family of polytopes that appeared alongside 

In [3] the moduli spaces TZ ' were called D/ld i • 
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the associahedra in the work of Stasheff in the '60s [8]. The multiphhedra are intrinsicahy 
connected to Aoo maps between Aoo spaces, just as the associahedra are intrinsically connected 
to Aoo spaces. 




1.2. Functorial motivation. A Lagrangian correspondence from (M,ujm) to {N,lom) is a La- 
grangian submanifold L of the product symplectic manifold M~ x N := (M x N, {—ujm,^^n))- 
Lagrangian correspondences are a notion of morphism between symplectic manifolds, so one 
would hope for topological invariants associated to symplectic manifolds to exhibit some sort 
of functoriality with respect to them. Lagrangian correspondences aren't morphisms "on the 
nose", since they can't always be composecQ. Following [10], a generalized Lagrangian cor- 
respondence from Ma to Mb is a sequence of Lagrangian correspondences, that starts with 
Ma and ends in Mb (passing through any number of intermediate symplectic manifolds in 
between). A generalized Lagrangian correspondence is represented as a directed sequence 

L = {{Ma,u;a) ^ (Mi,a;i) ^ (M2,a;2) ^ ...(M,,..,) "-^^ {Mb,u;b)}. 
Generalized Lagrangian correspondences can be composed by concatenation. We denote con- 

L L' 

catenation by #, i.e. L#L' := Ma ^ Mb ^ Mc- 

Quilted Lagrangian Floer theory allows one to define Floer homology HF{L, L') for pairs 
L, L' of admissible generalized Lagrangian correspondences from Ma to Mb \10\ IT2] . Thus a 
pair of symplectic manifolds (MatLOa), (^Bt^b) has an associated enlarged Donaldson-Fukaya 
category, Don^ {Ma, Mb), whose objects are sequences of admissible Lagrangian correspon- 
dences from Ma to Mb, and Hom(LQ,I/^) := HF{Lq, L^). When Ma = {pt}, i.e., the zero di- 
mensional symplectic manifold, we say that a generalized Lagrangian correspondence from {pt} 



There is a geometric notion of composition of Lagrangian correspondences, following Weinstein, but the 
resulting object may well be singular. 
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Figure 1.2. Schematic representation of a generalized 3 + 1-gon. The case 
drawn is for Lq having 3 arrows (i.e., 2 intermediate symplectic manifolds in 
the sequence), 4 arrows, L2 two arrows and L3 one arrow. The big (outer) 
dotted square corresponds to the marked point zq at 00. 

to Mb is a generalized Lagrangian submanifold of Mb We write Don* (Ms) := Don#(pt, Mb) 
for the corresponding enlarged Donaldson-Fukaya category. 

It was shown in [lOj that a generalized Lagrangian correspondence between Ma and Mb 
determines a functor 

HLab) ■■ Don#(M^) ^ Don* (Mb), 
and furthermore that the assignment L^b ~^ ^{L.ab) extends to a functor 
<^ : Bon*{MA,MB) Fun{I)on* (Ma), Bon* (Mb)), 

where Fun(Don'^(M^), Don*(MB)) is the category of functors from Don'^(M^) to Don*{MB)- 
The eventual goal is to extend both these functors to the chain level; that is, with the corre- 
sponding enlarged Fukaya categories. 

The enlarged Fukaya category Fuk*(M^, Mb) is a generalization of the Fukaya category. Its 
objects are admissible generalized Lagrangian correspondences from Ma to Mb, and morphisms 
between objects are elements of Floer chain groups. Higher compositions 

/i" : CF{L„,„LJ . . . ^ CF{Lo,L,) CF{L^,h^) 

are defined by counting isolated pseudoholomorphic generalized (n + l)-gons. The quilted do- 
mains behind the /i" are obtained from the (n -|- l)-pointed disks of the usual Fukaya category 
by "doubling then attaching strips". Given an (n -|- l)-pointed disk, we first take an identical 
copy of it, then attach quilted strips of a fixed width joining corresponding boundary compo- 
nents. The number of components in the quilted strips depends on the number of intermediate 
manifolds in the generalized Lagrangian correspondences being used (Figure [1.2p . 

For a fixed collection of generalized Lagrangian correspondences, the complex structures on 
the components of the quilted (n-|- l)-gon depend only on the complex structure on the {n+\)- 
pointed disk. Thus the quilted domains behind the maps /i" are still parametrized by the moduli 
space A^o n- '^^^ gluing result of this paper (Theorem [1]) applies with only cosmetic changes to 
isolated regular pseudoholomorphic quilted polygons, which is an analytical ingredient behind 



"^An actual Lagrangian submanifold is a sequence with exactly one arrow, L = {pt — ^ [Mb,ujb)}- 
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proving that the compositions /x" in the enlarged Fukaya category satisfy the A^o associativity 
relations, In particular, Fuk"^ (Ma, Mb) has the structure of a non-unital A^o category. In the 
special case that Ma = {pt}, we write Fuk#(MB) := Fuk*{pt,MB). 

Given a Lagrangian correspondence Lab from Ma to Mb, there is an associated non-unital 
Aoo functor ^{Lab) ■ Fuk*{MA) ^ Fuk#(MB). We give a very rough sketch of the construc- 
tion here, referring to [3] for details. 

Recall the rather combinatorial definition of a non-unital A^o functor [7, Chapter I, (lb)]: 

Definition. A non-unital A^q functor between non-unital A^o categories A and B consists of 
a map ^ : Ob A — > Ob B on objects, together with a sequence of maps <I>'^, d > 1, 

^'^ : Hom^(Xo,Xi) . . . ® Hom^(Xrf_i, X^) Home($(Xo), - d], 

where the fit together with the /i^, /i^ to satisfy the A^o functor relations: 
(1-1) ^^{-'^)*^''{(^d, a-i+j+i, l^\{aj+i, • • • , ai+i), ai,..., ai) = 

Yl (ad, ad-i,), (ai, , . . . , ai)), 

r,i\+...ir=d 

where * = \ai \ + . . . + \ai\ — i. 

Here, A = Fuk#(MA) and B = Fuk#(MB). Define $(Lab) as follows. On objects, 
^{Lab) ■■ Ob Fuk#(MA) — > Ob Fuk#(Mij), L ^ L#Lab, 

i.e., concatenate Lab to each generalized Lagrangian submanifold of Ma- Now suppose that 
d > 1, and Lq, L^, . . . , L^^^ are generalized Lagrangian submanifolds of Ma- Abbreviate Lq ab '■— 
Lq^Lab, likewise L^ab- Define the multilinear maps 

^Lab)'' ■- CF{La_^,I^) 55 ... CF{Lo,La) C F {L^#L ab , L^#L ab) 

where the coefficient Nq is a signed count of a 0-dimensional moduli space of pseudoholomorphic 
quilted disks, which are pairs (r, u) where r G TZ'^'^ parametrizes a quilted domain 5^, and u is 
a pseudoholomorphic quilt map from Sr , with a seam condition given by Lab (Figure II. 3p . 




Figure 1.3. A quilted disk with boundary conditions. 
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The codimension one boundary strata of the multipHhedra come in two distinct types. The 
first type of facet is a pointed quilted disk joined to a pointed disk; call this a facet of Type 1. 
The second type is a pointed disk with several pointed quilted disks; call this a facet of Type 
2. These facets are closely related to the A^o functor relations, which have four distinct kinds 
of terms, corresponding in this construction to: a) broken tuples whose domains correspond to 
facets of Type 1, b) broken tuples whose domains correspond to facets of Type 2, and c) either 
incoming or outgoing broken Floer trajectories (Figure [1.41 ). 



Figure 1.4. Four cases of gluing, from left to right: facet of Type 1, facet of 
Type 2, incoming Floer trajectory, outgoing Floer trajectory. 

The purpose of this paper is to prove the following statement. 

Theorem 1. Let {Ma,oja) and {Mb,ujb) be compact symplectic manifolds, and Lab cl La- 
grangian correspondence from Ma to Mb- Suppose that Lq-, ■ ■ ■ , Ld ^^"6 generalized Lagrangian 
submanifolds of Ma, all of whose intermediate symplectic manifolds are compact. Write 
La AB '■— (LotTab), L.d ab '■— {Lai^ab) for the generalized Lagrangian submanifolds of Mb 
obtained hy concatenating L AB io Lq and L^. Let Xjq E I{Ljq L^ y^^) and for i = 1, . . . ,d let 
Xi ^ T{Li_i,L^). Given either: 



(a) a regular pair 

(r2,U2) e Me{y,Xi,Xi+^,...,Xi^^f 

where 2 < e < d, 1 < i < d — e, and y £ T{Li_i,L^^^); 

(b) or a regular {k + l)-tuple 

(ro,uo) e Mk{xo,y^,...,y^f 
(ri,ui) E Mdi,o{y^,x^,...,Xd^f 
(r2,U2) e Md2,o{y^,Xd^+i,...,Xd^+d2)'^ 

{rk,Uk) S Md^:fi{yl^■,Xd^+...+d^^^_^+ll ■ ■ ■ + 
where di + . . . + = d, di > 1 for each i, and y. € 2{L^^_^ ^di^i_iy L.di+...+dJ (inter- 
preting do as 0); 

(c) or a regular pair 

{r,u) € Md,o{xo,...,Xi_i,y,Xi+i,...,Xdf 
V G Mi{y,Xi 



\0 
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where i < i < d, and y € I{Li 
(d) or a regular pair 



{r, u) 



V 







where y G T{L^ j^b,L^ j^b), 



there is an associated continuous gluing map 



g : (i?o,oo) Mdfi{xj^ 




1 



defined for some Rq >> 0, such that g{R) Gromov converges to the given pair/tuple as R ^ oo. 
Moreover, the gluing map surjects onto sufficiently small Gromov neighborhoods of the given 
broken pairs/tuples. 

1.3. Organization. Section [2] covers preliminaries on quilts, holomorphic quilt maps, and the 
multiplihedra. Section [3] constructs the families of quilted surfaces that we will use. For analytic 
simplicity we require all our quilted surfaces to have striplike ends, and we emphasise that: 



Thus the analysis along the striplike ends reduces to the usual theory of pseudoholomorphic 
strips, since a quilted strip consisting of strips of equal width can be "folded" into an ordinary 
strip with boundary conditions in a big product manifold (Figure [1.5p . 

A somewhat ad hoc aspect of the construction comes from the fact that if one simply takes the 
canonical bundle of quilted disks over the multiplihedron, there is no natural quilted striplike 
end over the marked point zq, so we will manually construct the bundles 5*^'^ — > TZ'^'^ of 
quilted surfaces parametrized by the multiplihedra, with quilted striplike ends built in. 

Section m defines the moduli spaces of pseudoholomorphic pointed quilted disks. The moduli 
spaces incorporate parameters coming from the finite dimensional spaces TZ'^'^ parametrizing 
the domains. The framework is based on [7j Part II, sections 7 through 9, which defines 
pseudoholomorphic polygons for the Fukaya category. We fix a universal choice of perturbation 
data for all compactified parameter spaces TZ ' at once, with recursive compatibility properties 
with respect to boundary strata, and study solutions of the inhomogeneous pseudoholomorphic 
map equations in an appropriate Banach bundle setting. We define local trivializations in which 
the moduli space of holomorphic quilted disks is modeled on zeros of a Fredholm map J-s,r,u, 
and write out the linearized operator Ds,t,u explicitly. 

Section [5] covers the estimates needed to prove Theorem [TJ The gluing map is an application 
of the Implicit Function Theorem, and the strategy of proof is standard, though the details are 
lengthy. 



In this paper, all strips are the standard complex strip 
Z ^ {2 G C|0 < liaz < 1}. 
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Figure 1.5. Unfolding an ordinary strip into a quilted strip. 



Appendices A and B are included for completeness. Appendix A establishes Sobolev em- 
bedding estimates that are relevant to the quadratic estimate (Section 5.5). In order to obtain 
estimates that arc independent of the gluing parameter, we need to establish Sobolev embed- 
ding constants that are uniform for all domains in the parametrized family; that is, constants 
that do not vary with the parameters coming from the multiplihedra or associahedra. The 
main ingredient behind the uniform embedding constants is the fact that the non-compact 
striplike ends of all domains in the families satisfy the same "cone condition". Appendix B 
contains explicit convexity estimates for the solutions of Floer's inhomogeneous equation near 
non-degenerate intersections. 



Acknowledgements. Most of the work in this paper was part of my Ph.D. thesis, carried 

out at Rutgers University under the supervision of Chris Woodward. This paper owes a great 
deal to his ideas and advice. I also thank Katrin Wehrheim for enormously helpful discussions 
on analysis and quilts. 



8 



SIKIMETI MA'U 



2. Preliminaries 

2.1. Quilts. We review the basic set-up of quilts, following 

Definition 2.1.1. A quilted surface S_ with strip-like ends consists of the following data: 

(a) A collection S_ = {Sa)aeA^ where each Sa is a pointed Riemann surface with markings 
Cf,...,Cn € 9Sa, and for each marking a striplike end, which is a holomorphic 
embedding : M>o x [0,1] S such that e^(s, 0), 6(^(5, 1) G dS for all s £ M>o, and 
lims^oo e(s, t) — C uniformly in t. Write £{Sa) for the set of boundary components of 
Sa \ {Cf ) • • • ) Cua}- general the boundary components in £{Sa) are diffeomorphic to 
M or S^, depending on whether they are incident to any marked points or not. 

(b) A collection C of seams, whose elements are tuples 

C3 a = {{a, I), (a, I'), ¥?(/,/')} 

where a, a' G A, and I £ £{Sa),I' G £{Sa'), I 7^ I', and </?(/,/') : I I' is a real- 
analytic identification of the boundary components. If / and /' are noncompact, each 
of them intersects a striplike end at both ends - in this case we require that be 
compatible with the strip-like ends: that is, if e((s,0) C I then there is a marked point 
(' with e^'(s, 1) C /' and (/)(7^7/)(e^(s, 0)) = e^'(s, 1). Similarly if ^ is a marked point on 
dSa with €^(s,l) C /, then there is a marked point (' € dSa' such that e^/(s,0) C /' 
and (/)(7-^j/)(e^(s, 1)) = e^>{s,0). 

(c) Boundary components that do not appear in any seam are called true boundary com- 
ponents of 5. 

2.2. Quilt maps. Label each surface Sa £ S_ with a symplectic manifold (Mq,^;^), each seam 
a = {{a, /), (/?, /')} with a Lagrangian correspondence Lo- C M^T x M^, and each true boundary 
component {a, I) with a Lagrangian submanifold L[aj) C Ma- Denote the labels collectively 

by M = {Ma)a(^A,L= {L„)aec U {L^a,i))aeA,ie£{s^)- 

Definition 2.2.1. A (smooth) quilt map u:S_^ M_ with boundary conditions in L is a tuple 
{ua}aeA of smooth maps Ua ■ Sa ^ Ma satisfying: 

(a) for each true boundary component {a, I), Ua\j C L(^a,l)'i 

(b) for each seam a = {(a, /), 1')}, Ua{4>J^ {s,0)) x 0)) C L^r- 

Let C°° {S_, M_; L) be the set of smooth quilt maps from 5 into target manifolds M_ with bound- 
ary conditions in L. 

For each a £ A, let Ja '■ Sa ^ J{Ma-,u)a) be a choice of Wa-compatible almost complex 
structure Ja[z) varying smoothly with z G Sa- Along a striplike end ec_{s,t), {s,t) G [0, 00) x 
[0, 1], we take Ja(e^(s,t)) =: Ja(t), i.e., to be independent of s. We write ja for the complex 
structure on Sa- 

Definition 2.2.2. A pseudoholomorphic quilt map u:S_^M_ with boundary in L is a smooth 
quilt map with boundary in L such that for each a, Ja{z,Ua{z)) o dua{z) = dua ° ja{z)- 
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2.3. Multiplihedra. We describe two realizations of the multiplihedra following [3]. 

Moduli of quilted disks. A pointed quilted disk is a tuple {D,C, zq, . . . , Zd), where D is the 
closed unit disk in C, {zq, . . . , Zd) is an ordered configuration of points in dD (compatible with 
the orientation of dD), and C C D is a circle that is tangent to dD at the distinguished point 
Zq. The group PSL{M) of complex automorphisms of D acts freely and properly on the space 
of pointed quilted disks, and the moduli space of pointed quilted disks is the quotient by this 
action, which we denote by 7^'^'°. The space TZ"^'^ is compactified by stable nodal quilted disks. 
The combinatorial type of a stable nodal quilted disk is a stable colored, rooted ribbon tree: 

Definition 2.3.1. A colored, rooted ribbon treeT = {EooiT),E{T),V{T),Vcoi{T)) isatveewith 
vertices V{T), a collection of semi-infinite edges Eoo{T) = {eo,ei, . . . and a collection of 
finite edges E(T), together with a distinguished subset Vcoi{T) C V(T) of colored vertices, such 
that 

(a) Each semi- infinite edge in Eoo{T) is incident to a single vertex in V{T), 

(b) Each finite edge in E{T) is incident to exactly two vertices in V{T), 

(c) the ribbon structure at every vertex ensures that the planar structure of T has the 
semi- infinite edges eo, • • • arranged in counter-clockwise order; the edge eo is called 
the root, and ei , . . . , are called the leaves; 

(d) each non-self-crossing path from a leaf ej to the root cq contains exactly one colored 
vertex. 

The colored ribbon tree is stable if every uncolored vertex has valency > 3, and each colored 
vertex has valency > 2. 

Definition 2.3.2. A nodal {d+l)-quilted disk is a collection of quilted and unquilted marked 
disks, identified at pairs of points on the boundary. The combinatorial type of S" is a colored 
rooted ribbon tree T, where the colored vertices represent quilted disks, and the remaining 
vertices represent unquilted disks. A nodal quilted disk is stable if and only if 

(a) Each quilted disk component contains at least 2 singular or marked points; 

(b) Each unquilted disk component contains at least 3 singular or marked points. 

Let T^T denote the stable, nodal quilted disks with combinatorial type T. As a set, 

T 

where T ranges over all stable, d-leafed colored rooted ribbon trees. 

Metric colored ribbon trees. There is a dual realization of the multiplihedra as metric trees, 
which is analogous to the realization of the associahedra as a space of metric ribbon trees. A 
metric colored ribbon tree is a colored ribbon tree and a map A : E{T) — > [0, oo] of edge lengths 
which satisfy the condition that the colored vertices are all the same distance from the root. 
If k is the number of colored vertices of T, this condition imposes k — 1 relations on the edge 
lengths, and defines a cone Qt C [0, oo) 1^(^)1 of dimension \E{T)\ -k + l. 
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Figure 2.1. A pointed quilted disk in TZ^'^, and a nodal pointed quilted disk 

— 7,0 

in the compactification TZ ' . 

Definition 2.3.3. A tuple of lengths is admissible if it is in the cone Q. 
Example 2.3.4. For the tree in Figure [2^21 the edge lengths satisfy the relations 

Ai + A2 + A3 = Ai + A2 + A4 = Ai + A2 + A5 = Ai + Ag = A7. 
These are equivalent to the relations A3 = A4 = A5, A3 + A2 = Ag, and Ae + Ai = A7. 



Figure 2.2. A colored ribbon tree with interior edges labeled by gluing lengths (Ai, . . . , Ag). 



For each stable colored, rooted ribbon tree T, set 



\ T / 

where the equivalence relation identifies an edge of length in T with the tree obtained from 
T by contracting that edge. In ^ it is shown that C ' = TZ ' . 




Ct = {X: E{T) ^[0,oo]\\egT}, C 
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3. Families of quilts 

3.1. Pointed disks and associahedra. The construction of higher compositions in the Fukaya 
category is based on famihes of pointed disks. We recah an explicit map in [2j identifying the 
moduli space of metric ribbon trees with the moduli space of pointed disks. 

Let d > 2 and let (T, A) = {V{T),eo, ei, . . . , e^, E{T), A : E{T) M+) be a metric ribbon 
tree: V{T) are vertices of a tree T, eo,ei, . . . ,ed are semi-infinite (exterior) edges, and E(T) 
are finite (interior) edges, and for each e G E{T), A(e) > is the length of e. Thicken 
each semi-infinite edge Cj to a semi-infinite strip, Zi = [0,oo) x [0,1], and thicken each edge 
e G E{T) of length A(e) to a finite strip Zg = [0, A(e)] x [0, 1]. Consider the punctured strips 
Zi\{0,^),i = 0, . . . ,d and Zg \ {(0, ^), (A(e), i)}, e G E{T). Use the cyclic ribbon structure of 
incident edges at each vertex v to define identifications of adjacent half- intervals at the ends of 
adjacent strips (see Figure [3?T]) . The resulting Riemann surface with boundary has a hole for 
each vertex in the tree, but each hole can be conformally filled to produce a Riemann surface 
that is biholomorphic to a, d+ 1-pointed disk, and the semi- infinite strips Zq, . . . , determine 
holomorphic embeddings of striplike ends at the points. 




Figure 3.1. Identifying strips at a trivalent vertex. 



3.1.1. Attaching strips. A generalized d + 1-pointed disk (Figure [3.2p is a quilted surface ob- 
tained by attaching strips to boundary components of a d + 1-pointed disk. In the above 
construction, the boundary components of the Riemann surfaces are naturally identified with 
the boundary of an infinite strip M x [0, 1]. The identification is unique up to translation, and 
can be made translationally invariant for all surfaces in the family by requiring that a common 
boundary point (for instance, a fixed point on one of the striplike ends) always be identified 
with 0. Thus one can fix a unique attaching map of a standard strip to that boundary com- 
ponent. Proceeding inductively one can attach further strips to the boundary of an attached 
strip, without introducing any additional degrees of freedom. 



3.2. Quilts parametrized by multiplihedra. Let d>l. We will construct a fiber bundle 
gdfi — ^ T^'^'O of quilted surfaces that are diffeomorphic to pointed quilted disks, but are 
equipped with strip-like ends consisting of quilted strips, such that all strips have width 1. We 
will do it in two steps: first, constructing the quilted surfaces, and second, fixing the complex 
structures. 
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Figure 3.2. A quilted surface parametrized by a marked disk in TZ'^. 

3.2.1. Constructing the quilted surfaces. The construction is based on the fact that the mul- 
tiphhedron is parametrized by metric trees with some additional metric data. The quilted 
surfaces that we define will be pointed Riemann surfaces, as constructed in Section [3.H which 
are parametrized by the underlying metric tree. The extra metric data will be used to fix an 
embedded 1-submanifold. 

For d> 1, we will define the bundle over the boundary of the multiplihedron in terms of 
lower strata, extend the bundle over a neighborhood of the boundary by gluing striplike ends, 
and finally fix a smooth interpolation of the bundle over the interior of the d-th multiplihedron. 

Base step: For d = 1, let Z = R x [0, 1] be the standard strip of unit width. Fix a smooth, 
connected embedded 1-manifold L C Z such that 

• LnZ<_i =M<o X 

• L n z>o = 0, 

• Lndz = 0. 

Denote this quilted surface by 5^'*^. As shorthand, for x,y G M we let denote the 

pieces of S^'^ corresponding to Z^^i Z>y respectively. 

s = —I s = s oo 



Figure 3.3. The basic piece 5^'°. 

Inductive hypothesis: Assume that all bundles S^'^ —>■ TZ'^'^ have been constructed for 1 < e < d. 
Assume furthermore that the bundles S'^'^ — > TZ'^'^ are compatible with the bundles — > TZ'^ 
constructed in the previous section, i.e., there is a commuting diagram 
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^6,0 , 7^e,0 

(3.1) I 

> 

where the vertical maps are forgetful maps. That is, TZ^'^ — s- TZ^ is the map from stable metric 
colored trees to stable metric trees that forgets the additional colored structure, and S^'^ S'^ 
is the map from a quilted pointed Riemann surface to an unquilted pointed Riemann surface, 
that forgets the embedded submanifold L. 

Inductive step: We extend the bundle S'^ — > over an open neighborhood of dlzf , as follows. 
The codimension one facets of TZ'^ are indexed by two types of colored tree (Figure 13. 4p . Facets 
of Type 1 are denoted by -^(e,i) where the label (e, i) is such that {)<i<d, 2<e<d — i. 
We denote the indexing tree by T'(g j). Facets of Type 2 are denoted by Fs^+s2+...+sr) where the 
labels si + . . . + Sj. satisfy r > 2, 1 < si < d — 1, si + S2 + ■ ■ ■ Sr = d. We denote the indexing 
tree by Tsi+...+s,. 




Figure 3.4. Combinatorial types of facets of the multiplihedron: Type 1 (left) 
and Type 2 (right). 

Type 1: Consider a boundary facet i^(e,j) C dTZ'^'^; denote the single edge of T(^e,i) by a. Every 

d Q 

point in 7^ ' is represented by a metric colored tree, (T, A), and such a metric colored tree is 
in i*'(e,j) if and only if 

(a) there exists a morphism p : T — > T(^e,i) of trees, 

(b) for the unique edge p'^{a) S T, X{p^^{a)) = oo. 

Cutting the edge p~^{a) produces a pair (Ti,Ai) G TZ'^^'^^^'^, and (T2,A2) € TZ'^, where 
Aj := A|t. . Note that the edge a of T has become the leaf ej+i of Ti and the root cq of T2. Let 
'5(Ti,Ai) and 5(7^2, A2) be the corresponding surfaces, constructed by inductive hypothesis. 

Let 1/ := X{p-^{a)) G [0, 00] be a normal coordinate to the facet i^(e,i)) i-e., the length of the 
edge p~^{a). For v > 1, truncate the strips Z^. and at length v/2 and identify the two 
strips along the truncations; this replaces the semi- infinite strips Ze^ and Zg^ with a finite strip 
of length z^. 

Type 2: Now consider a boundary facet F^j+ . +s^ C dTZ'^'^] denote the r edges of Ts^+,„+sr by 
ai, . . . , Oj.. A metric colored tree (T, A) is in ^5^+,,,^^ if and only if 
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(a) there exists a morphism p : T ^ Ts-j^+,,,s,. of trees, 

(b) for i = 1, . . . ,r, X{p~^{ai)) = oo. 

Cutting the edges p^^{ai) in T produces a tuple (Tq, Aq) G TZ^ , {Ti, Ai) G 7^''^''^, . . . , (T^, A^) G 
7^sr,o^ Note that each edge Oj has become the leaf ej of To and the root eo of Tj. By inductive 
hypothesis the surfaces S(^To,Xo)^'^(Ti,Xi)j ■ ■ ■ j'S{Tr,Xr) have already been constructed. We fix a 
normal coordinate u to the facet taking v := X{p~^ (ai)); the relations on the colored 

tree T then determine the values of admissible lengths X{p~^{a2)), ■ ■ ■ , X{p~^{ar)). Truncate 
both the semi-infinite strip Zg. of Tq and the semi-infinite strip Z^q of Tj at length A(p~^(aj))/2, 
and identify them along the truncations. 

These constructions are only well-defined for large u, defining the bundle 5'^''' — > TZ'^'^ over 
an open neighborhood of dTZ The bundle is compatible by construction with the forgetful 
maps, i.e., the diagram (j3.ip commutes. We extend the bundle over the remainder of the 
interior of TZ"^'^ by choosing a family of smooth isotopies. All of the surfaces in the family 
have the same striplike ends, so we may assume that the isotopies are compactly supported. 
Furthermore, we may also choose the isotopies to be compatible with the forgetful maps, that 
is, we may choose them such that p.ip commutes. This completes the inductive step. 

3.2.2. Fixing the complex structures. The final step is to fix an area form on each quilted 
surface in the bundle S'^'^ — > 7^°''", and a compatible complex structure, using the fact that 
the space of area forms is convex, and the space of compatible complex structures contractible. 
Given coordinates (s, t) we say that the area form, and complex structure are standard if they 
are respectively ds A dt, and j{ds) = dt,j{dt) = —dg. We fix the area form and complex 
structure as follows. First, on each striplike end, the area form and complex structure are 
chosen to be the standard ones on each strip. In particular, on the quilted striplike end, the t 
coordinate corresponds to a rescaling of the corresponding coordinate of the underlying strip 
by a factor of 3. Second, choose a tubular neighborhood for each boundary component, and 
a tubular neighborhood of the seam. For the tubular neighborhood of the seam, fix local 
coordinates (s,t) so that along the striplike end they coincide with the local coordinates fixed 
there, and then take the standard area form and complex structure for these coordinates. 
For each boundary component, one takes a tubular neighborhood of that component in the 
coordinates of the underlying surface, rescaling if necessary in the t direction in order to get 
local coordinates which match the standard coordinates on the striplike ends, and then take 
the standard area form and complex structure with respect to those coordinates. Lastly, using 
convexity of area forms one can smootly extend the area form over the remainder of the 
quilt, and then smoothly extend the compatible complex structure over the remainder of the 
quilt. To achieve consistency one builds up choices of area form and complex structure over 
all bundles 5^^'° — > W^'^ inductively, using the gluing procedure to determine area form and 
complex structure for all quilts in the bundle over a neighborhood of dTZ'^'^, and then smoothly 
interpolating both over the interior of TZ'^'^. 

3.2.3. Attaching strips. Each boundary component is by construction equipped with a tubular 
neighborhood on which the complex structure is the standard complex structure for a strip. 
Strips of unit width can be real-analytically attached to the boundary components of the quilted 
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surfaces in the families S'^'^; we call the generalized quilted surfaces obtained in this manner 
generalized pointed quilted disks (Figure 13. 5p . 




Figure 3.5. A generalized quilted disk, parametrized by a quilted marked disk. 

Definition 3.2.1. Borrowing more terminology from [7|, we say that the thin part of a quilt 
Sr consists of the strip like ends, together with the images of truncated striplike ends that were 
glued to form Sr- The complement of the thin part will be called the thick part. We call this 
the thick/thin decomposition of Sr- 



4. PSEUDOHOLOMORPHIC QUILTED DISKS 

The framework that we use is based on that of [7j, Part II, sections 7 through 9. 

4.1. Floer and perturbation data. To each striplike end of S_, with Lagrangian boundary 
conditions given by L, we assign a Floer datum, which is a regular pair 

(Kid.) = {{Hk)k=l,...,m,(,Jk)k=l,...,m) 

of a Hamiltonian perturbation and an almost complex structure of split type. 

Definition 4.1.1. Let L,L' be generalized Lagrangian submanifolds of M, and let (^ff, J) be 
a Floer datum for the pair. A generalized intersection of a pair of generalized Lagrangians 



{pt} 



M_ 



r— n, — ri + 1 r~l,0 

^ ^ . . . M_i ^-^ M( 



r 1,0 

Ml ^ Mo 



L 

U = {pt]^Mm 

given a Hamiltonian perturbation ^ is a tuple of paths 

X = {{xi)Z-r^\ Xi : [0, 1] ^ Mi, x[{t) = X 
We denote the set of generalized intersections by I{L,L')- 



o = M, 
M 



H^{xi{t)),{xi^l{l),Xi{0)) G Li^i,i}- 



Fix a collection of generalized Lagrangian submanifolds Lq, - - - , of a symplectic manifold 
Ma- Given a Lagrangian correspondence Lab between M^ and Mb, write 

L.O,AB •= Lo#LaBi LLd,AB •= Ld^^AB 

for the concatenations, which are generalized Lagrangian submanifolds of Mb- 

Assign each pair a Floer datum {H_i,J,i), and assign {Lq ABiLid ab) ^ Floer datum 

{ILab^J-Ab)- ^ perturbation datum is a pair {K_,X)i K. ™ the perturbation datum is a smooth 
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family of 1-forms on the fibers 5^. which take values in the space of Hamiltonian functions on 
M . Thus, a choice of X determines a 1-form Y_ on each fiber S,., taking values in the space of 
Hamiltonian vector fields on M. A perturbation datum is compatible with the striplike ends 
and Floer data if it is equal on each striplike end to the Floer datum for the pair of Lagrangians 
labeling the end. We fix a universal choice of perturbation data (i.e., for all bundles S'^'^ and 
5*^), which is consistent with the recursive constructions of the bundles, i.e., the following 
conditions hold: first, for each d > 1 (resp. d > 2) there is a subset U C TZ^''^ (resp. IZ'^), 
where gluing parameters are sufficiently small, such that the perturbation data is given by the 
Floer data on the thin parts of the surfaces <Sr,r € U. Second, if {K,J) is the perturbation 
datum on [/ C S'^'^ (resp. S'^) obtained by gluing perturbation data of the lower strata, then 
the perturbation datum in the universal family for S'^'^ (resp. S'^) extends smoothly over dTZ'^'^ 
(resp. dTZ'^) and agrees with [K, J) over the boundary dTZ'^'^ (resp. dTZ'^). 

Fix a quilted surface 5,.^, ro G TZ'^'^, which is labeled by the Lagrangians 1^, ■ ■ ■ ,Ld ^^'^ the 
Lagrangian correspondence La_b- In a neighborhood U of rg all of the quilted surfaces are 
diffeormorphic, giving rise to a family of diffeomorphisms parametrized by points in U, 

^ :U xSro^S\^, ^{r,-) -.Sr, 

which identify strip-like ends, i.e., ^'(r, e^(ro, s, t)) = e(^{r,s,t). Each quilted surface 5,. is 
equipped with complex structures j which can be pulled back by to give a family of 

— Or 

complex structures on S^^^ parametrized by r, j(r) := ^*(j^ )• 

The inhomogeneous pseudo-holomorphic map equation for {r,u) £ i3 is 

,^ ^> ( du{z) + J_{r,u, z) o du{z) o j{r) = Y_{r,u, z) + J_{r,u, z) o Y_{r,u, z) o j(r) 

1^ u{C) C Lc for all seams/boundary components C with label Lc- 

The compatibility of the perturbation data with the Floer data along the striplike ends means 
that the above equation reduces to Floer's equation along the striplike ends. In particular, 
solutions with finite energy converge exponentially along each striplike end to a generalized 
intersection of the pair of generalized Lagrangians labeling that striplike end. 

A tuple (yg,xi,...,^^) G I(Lo,AB>^d,AB) x ^{L.o,L^) x ... x I{L^_i,L^) of generalized 
intersections determines a fiber bundle B i — > U C TZ'^'^ , whose fiber over r is the space of 

smooth quilt maps from Sr to M_ with boundary in L and which converge along striplike ends 
to the given tuple of intersection points. There is another fiber bundle 

s\ s\ 

whose fiber £(^r,u) = 0,^'^'^{S_j.,u*TM_) of (0, 1) forms on iS^ taking values in the pullback bundle 
u*TM, and the (0, 1) part is with respect to J_{r,u) and j{r). 

Since equation (j4.ip can be written as {du — Y_)^'^ = 0, we will also abbreviate it as {d — 
v){r,u) = 0, where d{r,u) := {du)^'^ and v{r,u) := {Y_{r,u))^'^ , with the 0, 1 taken with respect 
to J_{r,u, z) and j{r). 

Thus d — v_: B ^ £■ defines a section whose intersection with the zero-section Bq is the set 
of solutions of (14. ip . whose striplike ends converge to the prescribed intersections. The energy 
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of such a solution (r, u) is the quantity 

E{r,u) = \du-Y\^ dYols^ = ^Y. [ \dna-Y^fdYols^^^ 

where the norms | • | on TM^ come from the induced metric gj^ ) the area form dvol^^ ^ 
comes from the construction of the bundles in Section [3j 

Definition 4.1.2. The moduli space of holomorphic quilted disks Md,i{yQ, Xi, ■ ■ ■ ,x^) consists 
of all (finite energy) solutions {r,u) to (j4.ip which converge along the strip-like ends labeled 
Co, ■ ■ ■ ,Cd to the respective intersections {y^jXi, . . . , x^). For a collection {xq,Xi, . . . ,x^) S 
T(Lq,L^)xT(Lo,Li)x. . .xI(L^_i, Lj), the moduli space of holomorphic disks Md{xQ.,Xi, . . . ,x^) 
consists of all (finite energy) solutions of the analogous equations for the surfaces S'^ TZ'^, 
with generalized Lagrangian boundary conditions Lq, . . . ,L^. Similarly, given x,y £ 1{L,L'), 

the moduli space of Floer trajectories is M.{x,y) := M.{x,y)/M., where M.{x,y) consists of all 
(finite energy) solutions to Floer's inhomogeneous equation converging to x and y. 

4.2. Sobolev spaces. Consider a quilt consisting of surfaces 5^ = {Sa)a£A s^nd set C of seams 
and boundary components, equipped with labelings of the surfaces by target symplectic man- 
ifolds M = (Ma )aeA s-nd labelings of the seams and boundary components by Lagrangian 
boundary conditions L = {Lc)c€C- Let u : 5 — M be a smooth quilt map with boundary in 
L, and let J = (Jq(z), z G Sa)aGA be a smooth family of compatible almost complex structures 
varying over the surfaces. Given an area form on each patch of S_, define Sobolev norms on 
sections of the pull-backs of the tangent bundles by 

W^'P{S,u*TM) ■■= 0H^''^(5„,<rM„), 

aeA 

LP(5,A°'i®jn*rM) := (S,, A^'^ ® j„ <TM,) 

aeA 

where the norms on TMq, come from the induced metrics 5'j^(^)(-, •) := uj{-, Ja{z)-). 

4.3. Metric connections and local trivializations. We recall the following lemma of Prauen- 
felder on the existence of metrics with useful properties with respect to a given almost-complex 
structure and a given Lagrangian submanifold. 

Lemma 4.3.1 (Lemma 4.3.3 in [5]). Let {M,uj) be a symplectic manifold equipped with an 
almost complex structure J, and let L C M be a Lagrangian submanifold. There exists a 
Riemannian metric g = {■,■) on M such that 

(i) {J{p)v, J{p)w) = {v, w) for p £ M and v,w £ TpM , 

(ii) J{p)TpL is the orthogonal complement of TpL for every p £ L, 

(iii) L is totally geodesic with respect to g. 

Let V be the Levi-Civita connection of g. The Hermitian connection V associated to an 
almost complex structure J is 

(4.2) := - 1 J(V,J)X 
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Lemma 4.3.2. Under the assumptions of Lemma \4-3.1l L is totally geodesic with respect to 
V, the Hermitian connection i4-^- 



Proof. Write P : TM\^^ — > TL for orthogonal projection of TM onto TL defined pointwise on 
L. It suffices to check that for every p L, and every X,Y ^ TpL, \7xY S TpL. By definition, 

VxY = VxY -y{VxJ)Y. 

where V is the Levi-Civita connection of g. By assumption, L is totally geodesic with respect 
to V, therefore VxY G TpL for all p G L and all X,Y £ TpL. So it is enough to show that 
xJ)Y € TpL. Since the orthogonal complement of TpL is JTpL, it reduces to showing that 
for ah X,Y,Z £ TpL, J{VxJ)Y ± JZ. 

g{J{VxJ)Y, JZ) = g{{VxJ)Y, Z) = d{g{JY, Z)){X) - g{JVxY, Z) - g{JY, VxZ) = 0. 

□ 



Now let S — > 7^ be a family of quilted surfaces of type either S'^ — TZ'^ or 5^^'*^ — > TZ"^'^, as 
constructed in Section [3l We fix a basepoint tq G TZ, and a neighborhood U ClTZ oi tq. Write 
S_ := Sr^ for the quilted surface over tq. All the quilted surfaces over U are diffeomorphic, 
and moreover the diffeomorphisms can be chosen to be the identity on the striplike ends, so 
the bundle — ?7 can be viewed as a single quilted surface S_ with a family of complex 
structures parametrized by r G [/, such that the complex structures j{r) are all standard on 
the striplike ends. 

Each patch Sa of the quilt S_ is labeled by a target symplectic manifold [Ma^uja) and an 
Wa-compatible almost complex structure J a = Jaifo), which determine an induced metric 
9Ja{ro)- We collectively write g for these metrics, and write exp for the exponential maps of 
their associated Hermitian connections ()4.2I) . Note that once a base point tq is fixed, this fixes 
a metric on each M„ for each z £ Sa. 

The Lagrangian boundary conditions are not necessarily totally geodesic with respect to 
the exponential maps in exp. We therefore introduce a collection of auxiliary metrics (7*^, 
parametrized by the quilt S_, to satisfy the prescribed boundary conditions at seams and bound- 
ary components (c.f. Remark 2.2]). 

For each boundary component or seam C labeled by a Lagrangian Lc C x Afg, fix a 
metric gc on M~ x Mp that satisfies properties (i), (ii) and (iii) of Lemma [4.3.11 with respect to 
the almost complex structure {—Jo) x and the Lagrangian Lc- A 5-tubular neighborhood 
of C in the quilt is a copy of M x [—(5, 5], where the side where t < is labeled by M^, the side 
where t > Q \s labeled by Mg, and the seam t = is labeled by Lc- We fold this to M x [0, 5] 
labeled by the product manifold M~ x and the Lagrangian boundary condition Lq- Over 
the interval [0, (^] fix a smooth interpolation (of metrics on M~ x Mp) between the metric gc 
and the induced metric g,j^ x gj^. Note that both gc and ga x gp are {—Jo) x J/3-invariant, so 
we can choose the interpolating metrics to be {—Ja) x J^-invariant too. On the complements 
of the tubular neighborhoods, we take g^ to be the induced metric g. 
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We write for the resulting collection of metrics parametrized by the quilt S_. We emphasise 
that on each tubular neighborhood of a seam, we view g as a metric on the associated product 
manifold, parametrized by the folded tubular neighborhood. Let exp'^ denote the collection of 
exponential maps of the associated Hermitian connections ()4.2p . We will use exp*^ to define 
quadratic corrections to exp. 

Define a function Q : Sxn^{S,u*TM) n^{S,u*TM) as follows. Let §, £ n^{S,u*TM) be 
a section of the pull-back bundle over the quilt S_. In a tubular neighborhood of a true boundary 
component of the patch Sa, with local coordinates z = s + it € M x i[0, (^), define Q{{z, ^){z) by 

the condition that exp (z){C{z) + Q(z,^)(z)) = exp*^ , In ^ tubular neighborhood of 

a seam between patches Si and Sr, suppose we have local coordinates z = s + it£M.x i[—5, 6], 
where 5; corresponds to t < and Sr corresponds to t > 0. For z = s + it £ Si we define 
Q{z,^){z) and Q{z,^){'z) (where 'z = s — it £ Sr) by the condition that 

(exp„;(^)te(^) +Q(2,0(^)),exp„,,(^)(^^(z) = expji^(^)^^^(-))te(2), er(^)) 

as points on the product manifold M^" x Mr- For a point z £ S_ in the complement of the 
tubular neighborhoods, Q{z,C) = for all ^ G n^{S,u*TM_). 

Lemma 4.3.3. Q{z,(,) defined above has the following properties. 

(a) For all z £ S, Q{z,Q) = 0. 

(b) For all z£S, and i£ n'^iS,u*TM), dxQiz, X§)\x=o= dQ{z, 0){0,§) = 0. 

Proof, (a) follows from ?x = exp^(O) = exp^(Q(z, 0)). (b) follows from differentiating exp^(A,^) = 
exp^(A^ + Q{z, A^)) with respect to A at A = 0, which gives ^ = ^ + d\Q{z, A^)|a=o- D 

The following lemma will be relevant for explicit computations of linearized operators. 

Lemma 4.3.4. Let (M, cj) be a symplectic manifold, p £ M and ^ £ TpM. Fix a connection 
V on TM, with exponential map exp. Suppose that Q : TpM TpM satisfies Q(0) = and 
DQ{0) = 0. For A £ [0,6), and t £ [0, 1], let 

7(A,t) = expp(Ate + Q(AtO) 
e{X,t) = expp(t(A^ + Q(AO)). 

(Note that these paths coincide at t = 0,1.) Let <I>p(A^) denote parallel transport along the 
curve t I— >■ 7(A,t), and let ^(A^) denote parallel transport along the curve t i— > 9{X,t). Then, 
for every r] £ TpM , we have that 

(4.3) A.^^^^^^^xO-'%{XOri = 0. 

Thus, in particular, for any vector field f along the curve X i— > exp(A^ + Q{XS,)), 



(4.4) 4^ , %{XO-'f = Va/ 



dX 



A=0 



A=0 
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Proof. Let p\ = 7(A, 1) = 6{X, 1) be the common end point of the two paths for fixed A. It 
suffices to show that the difference 

%iXOri-%{XOrieTp,M 

is only quadratic in A. For sufficiently small A both curves must be contained in a local 
coordinate chart and we Cctn C3>lculate the difference directly. Let • • • ? 

be local coordinates 

for a neighborhood of p in M. Write r]\{^{X,t)) for the parallel transports of r/ € T along 
j{X,t), and write r]x{6{X,t)) for the parallel transports of ?7 along 9(X,t). In terms of the local 
coordinate components, for j = 1, . . . , n we have from the parallel transport equations and the 
fundamental theorem of calculus that 

rfxipx) = rf^ip) - J ri,(7A(t))^i(7A(i))^ dt 



TfxiPx) = TfxiP) - j nhmWxMt))^ dt 



where T'li^ are the Christoffcl symbols for V in these coordinates. Since rjxip) = f] = rjx{p)^ we 
have that in each coordinate, j = 1, . . . , tt,, 

(n,(7A(i))^l(7A(t))^ -r^,(eA(i))?A(7A(t))^) dt. 



We now compute the derivative of this quantity with respect to A at A = 0. 

1 



d_ 
dX 



,J^iiPx) - tiPx)) = ~dXx=oJ (ri(7A(t))r?l(7A(i))^ - 4(^A(t))^A(7A W)^ dt 





7 1^ (rl/.(7AW)^i(7A(0)^ -ri,(^A(0)^A(7A(*))^' 




dt. 

A=0 



We now show that the integrand is zero. When A = 0, 7(0, t) = 9{0,t) = p and therefore 
-^|a=o= -;^|a=o= 0- Hence, the integrand above reduces to 



(dl'x 


del 


V dt 


dt 




del\ 


\ dt 


dt ) 



A=0 

0. Using the equality of mixed 



A=0 

partials for the smooth function 7'^(A,t) — 9^{X,t) we can write 

^(|(7\A,,)-#'(A,*)))U.„ = |(^(/(,,(,-9'(A,())U.„). 

Now using the definitions of 7(A, t) and ^(A, t) we see that dx'^{X., i)|A=o= + DQ{Q)(t^) = t^, 
while dxO{X,t) =t^ + tDQ{0){^) = t^, so the quantities above must be zero. 
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□ 

4.4. Local trivializations. We now define local trivializations of the bundles B\u^ U and 
6 —y B\u- A small neighborhood of (ro,«o) iii consists of pairs {r,u) where r ^ U 
parametrizes the complex structure j(r) on S_, and u '■ S_ ^ M_ is a map satisfying the 
prescribed Lagrangian boundary conditions and limits along the striplike ends. For u suf- 
ficiently close to Uq, there is a unique ^ G -UpTM) such that expu|j(^) = u. Write 

(0 ■ ^uM — T Q(<:\M. for parallel transport along curves exp*3(r^) = exp(r^ + Q(r^)), 

r G [0,1], with respect to the Hermitian connection V. We emphasize that these curves are 
not geodesies for the connection V, since they are defined with the corrected exponential map 
exp'5 and not with exp. 

Define a projection map 

[]°;; =n, :ni(5,M*rM) ^ ^V{y^S,u*TM), ^^\{^ + J{T)o^oj{r)) 

i.e., projection onto the (0, 1) part with respect to J(r) and J (r). Note that if^ G ^'^(S, u*TM), 
then Ilr{ip) = V'- Also, if r' is close to r, then IT,, determines an isomorphism 

The fibers of £ over a small neighborhood of (ro,«o) can be identified using the isomorphisms 

Fix a metric on the compact finite dimensional space TZ once and for all, and an exponential 
map exp^j, : T^gf/ U . Use the exponential map on TZ and the maps exp'^ on M to identify 
B\u= Tr^n X n°{S,u^TM). 

The vertical part of the section d — B ^ £ at (ro, «o) given by the non-linear map 

:Fs,ro,u^:Tr,nxn'>{S,ii^TM) ^ J^°''(^,«STM) 

which extends to a non-linear function between Banach completions 

4.5. The linearized operator. We give explicit computations of the linearized operators. 
For convenience we introduce the notation 

^S,r,u{P,C) ■= ^5,r-,M(P>0~^^(exPr/3,exp„|) 

'Ps,r,u{p,0 ■= ^5,r,«(p,0~^ld(exp^P,exp„^), 
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(V for "perturbation term"). The corresponding linearized operators are given by 

d^5,r,«(0, 0) = dTs,r,u{^, 0) - dVs.r,u{^, 0). 

V ' ^ -V ' ^ V ' 

Abbreviating r\ := exp^(A/9), M;)^ := exp'3(A^), we can write 



,_^^?(Ai)-^^ {dirx,ux) + J{r,Ux)od{rx,Ux)oj{r)) 

A — U ^ 



1 / d 

2 \dX 



^^/?(Ai)"^5(r,,u,) + J(r,n)o A 



A=0 



d 



dX 



A — 



0,1 



where [ f'^ denotes projection onto the (0, 1) part with respect to J{r,u) and j{r). By direct 
calculation we get 

d_ 
dX 



^^/?(Ai)-^9(r,,u,) = ± _^Q{xe)-'l{du, + Jir,, 



A=0 



2 



Ux)°du^oj{rx)) 



1 



^xdux + dxJ irx,u) ° duo j{r) 



+J(r, u) o V xdux ° ji''') + J{^tM) ° duo dxj{rx) 
Vxdux 



0,1 1 1 

+ 2^P'^ o duo j{r) + 2 '^('^' u) ° duo dpj. 



Thus the linearized operator Ds,r,u splits into the two parts 



(4.5) Ds,r,u{p,i)= Vxdu^ 



0,1 



+ 



]-dpJ oduo j{r) + l-J{r,u)oduo dpj 



1 0,1 



and identical arguments as in [U Proposition 3.1.1] give the explicit local formula 
(4.6) 5W(e) = [V^]°'^ - \j{r,u){V^_J){r,u)dj_^,){u), 

in terms of the Levi-Civita connection V of the metrics 5 j^^^ • Similarly, 



dX 



j^Q[XO-^\ {Y{rx,ux) + J{rx,nx)oYirx,Ux)°jirx)) 

A — U ^ 



0,1 



(4.7) 





0,1 







iO,l 



iO,l 



(r) 

and Pu is explicitly given locally by 



(4.8) 



0,1 1 

~ 2 



JoV^JoY 



0,1 
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4.6. Gromov convergence. 

Definition 4.6.1. Consider a sequence {(?"„, C A^(i,o(^0' • • • ^^d)- 

(a) For 2 < e < d — 1, we say that the sequence Gromov converges to the broken pair 

(r2,U2) e Me(y,^j+l,---,^i+e) 

if 

• rn — ^ '^i#o^2 in the topology of 7^'^''^ near the boundary point ri#o^2 G dTZ'^'^, 

• w„ converges uniformly on compact subsets of to u^^ , and converges uniformly 
on compact subsets of to U2- 

(b) For 1 < si,. . . ,Sk < d — 1 such that si + . . . + Sh = d, we say the sequence Gromov 
converges to the broken tuple 



,Xi,..., Xg^ ) 
(r2,U2) e A^S2,o(y2'^si+l'--- '^51+52) 

(rfe,iXfc) G A^sfc,o(yfe,^d-s;,+i,---,^d) 



if 



• r„ 



ro#o(^i) • • • ) '''fe) £ dTZ'^'^ in the topology of 7^'^'° near the boundary, 

. E{Un) — > EiUo) + + • • • + 

• M.n converges uniformly on compact subsets of Sr^ to Uj, for j = 0, ... ,k. 

(c) For i G {1, . . . , d}, we say that the sequence Gromov converges to the broken pair 

{r,u) G Md,o{xo,Xi,...,Xi^i,y,Xi+i,...,Xa) 
V G Mi{y,Xi) 

if 

• ^ r in T?.'^'^, where r is in the interior of TZ'^'^, 

• EiuJ E{u) + E{v), 

• M.n converges uniformly on compact subsets of Sr to u, and there is a sequence G 
M (shift parameters) such that if (s,t) denote coordinates on the strip M x [0, 1], 
and ej : M>o x [0, 1] — > Sr is the i-th striplike end of 5^, then the sequence of 
shifted maps u„(ei(s + rn, t)) converges uniformly on compact subsets of R x [0, 1] 
to a fixed parametrization of the Floer trajectory v. 

(d) We say that the sequence Gromov converges to the broken pair 

{r,u) G Mdfi{y,x^,---,xa) 
V G Mi{xQ,y) 

if 

• rn r m 

^d,o^ where r is in the interior of TZ ' , 

• E{uJ E{u) + E{v), 
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• M.n converges uniformly on compact subsets of Sr to u, and there is a sequence t„ G 
M (shift parameters) such that if {s,t) denote coordinates on the strip M x [0, 1], 
and eg : M>o x [0, 1] — > S^- is the 0-th striplike end of S^, then the sequence of 
shifted maps Mn(^o(s + T„, t)) converges uniformly on compact subsets of M x [0, 1] 
to a fixed parametrization of the Floer trajectory v. 

4.7. Gromov neighborhoods. We now define what wc call Gromov neighborhoods of a broken 
quilt of Type 1, 2 or 3. For e > 0, we will define a subset 17^ C B*^'^. Under these definitions, 
a sequence {ri,,u^) € M.dflixQ, . . . ,x^) will Gromov converge to a broken quilt if, and only if, 
given e > there is a fo such that {r,^,y^) G for all u > uq. 

Type 1. Let {ri,Ui) and (r2,U2) be a broken pair, 

{ri,ui) e Md-e+ifi{xjo,xi...,Xi_^,y,Xi^^^^,...,Xaf 

(r2,W2) e ■A^e(y>^i,^j+l,---,^i+e)°- 

A small neighborhood of the point ri#o'"2 £ dTZ'^'^ is of the form 

U^UixU2X [0, e) 

where Ui C T^'^^'^+i-O is a neighborhood of ri, and U2 C TZ^ is a neighborhood of r2, and the 
interval [0, e) represents the gluing parameter. Recall that a gluing parameter 6 corresponds 
to a gluing length R{6) = — log{S). 

Fix a metric on Ui C 7^<^-e+i,o ^^^^ metric on U2 C TZ"^, and define a metric topology on 
U^UixU2X [0, e) by 

distc/(ri#5r2,ri#yr2) := sup{dist(7i(ri,ri),dist;72(r2,r2), \5 - 6'\}. 

By the construction of the surface bundles S — > TZ, we can suppose that the neighborhood 
U is sufficiently small that the corresponding neighborhoods Ui C 7^'^~'=+i'0 and U2 C TZ^ are 
also small enough that all surfaces in the bundles over them are diffeomorphic to each other 
by diffeomorphisms preserving the striplike ends. Write Srj^#gr2 = '^^i U^^j/ ~' where S^. 
represents the truncation of 5^. along the prescribed striplike end at s = R{5), and ~ is the 
identification of the two truncated surfaces along the cuts. 

Definition 4.7.1. Let e > be given. Define a Gromov neighborhood f/g C B*^'*^ of the pair 
(''ijlii)) (^■2,1^2) ^ follows: {r,u) £ if 

• r = fi#sr2 G U with dist[/(fi#5r^, ri#o?'2) < e, 

• \E{u^) + E{u2) - E{u)\ < e, 

• distM_{u{z),Ui{z)) < e for ah z e S^^, 

• distM_{u{z),U2{z)) < e for all z e S^^. 

The metrics on the target manifolds M are those induced by their symplectic forms u and the 
choice of compatible almost complex structures J = J.{z). 
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Type 2. Let (ro,Uo), . . . , {rk,Uk) be a broken tuple of the form 

(ri,Mi) G >isi,o(yi,^i,---,^si) 

(r2,M2) e ■^52,0(^2 

G ■Msfe,o(yfc,^d-sfe+i>--->^d)- 

A small neighborhood of the point ri#o''2 G 57^*^'° is of the form 

U ^UqxUiX ...UkX[0,e) 

where Uq C TZ'' is a neighborhood of ro, C/j C TZ'^"^ is a neighborhood of for i = 1, . . . , k, and 
the interval [0, e) represents the gluing parameter. Fixing a metric on Uq, - ■ ■ ,Ui determines a 
metric topology on U = Ui x U2 x [0, e) by 

dist;7(ro#5(ri, . . . , rk),rQ#s'{r'i, . . . , r^)) := sup{distc/o(ro, Tq), . . . , distjj^ (^fc, rj^.), \5 - 6'\}. 

Taking the neighborhood U to be sufRcicntly small we can assume that all surfaces parametrized 
by Uq, . . . ,Uk are diffcomorphic via diffeomorphisms that are constant on the striplike ends. 
Write #5 (ri, . . . , r^) = Sf^USr^D. . .U<S^^/ ~, where each <S^. is the truncation of the surface 
Sn along the prescribed striplike end at s = R{6) = — log((5), and ~ is the identifications of 
the surfaces along the truncated ends. 

Definition 4.7.2. Let e > be given. Define a Gromov neighborhood C B'^'^ of the tuple 
{Tq,Uq), irk,Uk) as follows: {r,u) € Ue if 

• r = FQ^sin, ...,rk}eU with dist[/(r, ro#o{r-i, • • ■ ,rk}) < e, 
. \E{ua) + E{ui) + ... + E{uk) - E{u)\ < e, 

• disi M_{u{z),Uj^{z)) < € for all z G (S^., i = 0, . . . , fc. 

Type 3. Let (ro, Uq) ^ ■^(i,o(^o> • • • j^i-Ij yj^Ii+i) • • • j^d) be a pseudoholomorphic quilted disk, 
and let v G A^i(y,Xj) be a quilted Floer trajectory. We fix a parametrization of the Floer 
trajectory t; : M x [0, 1] — > M. As in previous sections we write €{ : [0, 00) x [0, 1] — >■ Sr for the 
i-th striplike end, and Zi for the image of this striplike end in 5^. 

Definition 4.7.3. Let e > be given, and define -R(e) = — log(e). Define a Gromov neighbor- 
hood Ue C of the pair {ro,UQ),v as follows: {r,u) G Ue if 

• dist7^d,o(r, ro) < e, 

• \E{uq) + Eiv) - E{u)\ < e, 

• for 2: G s!^^^\ distAi(^u{z) , Uq{z)) < e, 

• there exists some r > 2R{e) such that distM{u{ei{s + T,t),v(s,t)) < e for (s,t) G 
[-R{e),R{e)] x [0,1]. 



26 



SIKIMETI MA'U 



5. Gluing 

Definition 5.0.4. A pseudoholomorphic quilt {r,u) is regular if the linearized operator Ds,r,u 
is surjective. Similarly we say that a generalized Floer trajectory v is regular if the associated 
linearized operator is surjective. 

The strategy of proof for gluing is standard: 

1: Define a pre-glued curve, {rji,Ufj), for gluing lengths R >> 0. 

2: Compute that \\{d — e){^RiUr)\\o,p < ^{R) where e{R) — as i? ^ oo. 

3: Show that Ds,rB.,uj^ is surjective, and construct a right inverse Qr by first constructing 

an approximate right inverse, Tr, with the same image. 
4: Show there is a uniform bound ||Q_r|| < C for sufficiently large R. 
5: Show that for each i?, the function J^s,rR,uj^ satisfies a quadratic estimate 

(5.1) \\dTs,r^,u^{p,0 - Ds,rn,uJ < c{\p\ + HeH^yLp) 

with the constant c independent of R. 

These steps are the content of Sections 15.11 through 15.51 respectively. In Section 15.61 these 
ingredients are used to define, with the help of an implicit function theorem, a gluing map asso- 
ciated to each regular tuple, and we show that the image of the gluing map is contained in the 
one-dimensional component of the relevant moduli space of quilted disks, Mdfl{xQ, . . . ,x^y. In 
Section [5771 we show that the gluing map is surjective, in the sense that if a pseudoholomorphic 
quilted disk {r,u) G -MdflixQ, ■ ■ ■ is in a sufficiently small Gromov neighborhood of the 

broken tuple, then it is in the image of the gluing map for that tuple. 

5.1. Pregluing. There are three types of pre-gluing to consider - two types arise from the two 
types of facet of codimension one in the boundary of TZ ' (corresponding to whether the inner 
circle has bubbled through or not), and the other type arises from a Floer trajectory breaking 
off. 

Definition 5.1.1. Given a gluing parameter 5 > 0, define R{6) := — log(J) to be the gluing 
length corresponding to 5. So R{S) ^ oo as 5 ^ 0. 

Type 1. Assume that we have a regular pair 

{ri,Ui) G Md^fl{xQ,...,Xi_^,y,Xi_^^,..., ... x^J°, where i € {1, d}, 
(^2,2^2) e Md^{y,Zi,...,Zd^f. 

The surface parametrized by ri is a quilted disk, and the surface parametrized by r2 is a 
marked, unquilted disk. A marked point labeled C~ on ri is identified with a marked point 
on r2, identifying the pair ri#r2 with a nodal quilted disk. Along the strip-like ends labelled 
by C^) Hi and U2 converge exponentially to y. 
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Figure 5.1. Case 1 of pregluing (left), and gluing and U2 along the neck(right). 



The quilted surface rn := ri#Fif2: Truncate the surface along the striplike end labeled by 
C~ at s = R, and truncate the surface Sr^ along the striplike end labeled by ed, s = R, 
then identify the two truncated surfaces along s = R. Explicitly, one identifies {R, t) ~ 
e^-(i?, I — t); see Figure [5H 

Let z = (s, t) denote the variables on the striplike end of Sr^, where s € [0, 00) and t G [0, 1]. 
For s >> 0, Ui(s, t) is exponentially close to y{t) € IiL,L'), and we define (,-^{s, t) € Ty(i)M_ by 

where exp*^ is the tuple of t-parametrized quadratically corrected exponential maps for the 
pair L,L', such that L is totally geodesic when t = 0, and L' is totally geodesic when t = 1. 
Similarly, we can define (,^{s,t) € Ty(^f-^M_, for very large s, by 

Let /3 : M — > [0, 1] be a smooth cut-off function such that (3{s) = 1, s < —1, and (3{s) = 0, s > 
0. Define a pair of intermediate approximate pseudoholomorphic quilted surfaces {ri,uf) for 
i = l,2, by 

' Ui{z), z£Sr,\H^is>R/2) 
uf{z) = \ expj(/3(s - R/2)^s, t)), R/2 - 1 < s < R/2 
. y{t), s > R/2. 



The pre-glued map Ui#rU2 • •Sri#Rr2 ^ M_is (Figure [5T]) 

' uf{z), z g5,, \e^-((i?,oo) X [0,1]) 
nf(z), z g5,, \e^+((i2,oo) X [0,1]). 
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Type 2. Consider a collection 

(ri,ui) e Mdi,o(yi,li,l2>--- >ldi)° 

(^2,^2) e ■Md2,o(y2'M+i'^di+2'--- >idi+d2)° 

{rk,Uk) £ ■^dfc,o(yfc,ldi+d2+...+dfe_i+l'ldi+d2+...+dfc-i+2' • • • ildi+d2+...rffc-i+<ij° 

of regular pseudoholomorphic quilts. Let C^'^\ C^^\ ■ ■ ■ , C^'^^ label the striplike ends of where 
the quilt map Uq converges to Xq, y^, . . . ,y^ respectively. For i = 1, . . . ,k, each quilt iS^^ has a 

distinguished strip- like end rjf^^ on which : ^ M. converges to y . . 



The quilted surface := To#ij{ri, . . . ,rfc}; Strictly speaking a gluing parameter d > and 
R = — log(5) gives rise to a tuple of admissible gluing lengths, {R + ai, . . . , R + ak), where the 
ai, . . . , Ofc are determined by the coordinates of rg, ri, . . . , r/j in their respective moduli spaces. 
However, for sufficiently large R we can shift the position of "s = 0" on the striplike ends so 
as to take the gluing lengths along all the striplike ends to be R. Truncate Sr^ along each of 
the striplike ends labeled . . . , C*-"^^ at s = i2, and truncate the surfaces 5^1, . . . ,5^^. along 
their respective striplike ends labeled r]f'\ . . . ,r]^^^ at s = R, then identify truncations labeled 
by pairs C^'^\r]f''^ along s = R (Figure 



The approximate pseudoholomorphic map. Let z = (s, t) be coordinates along the striplike 
ends. For s » 0, define ^.{s,t) G Ty u)M_ by 

expg,,,(C,(g,t)) = no(ecw(■^'*))• 
Similarly, for i = 1, . . . , and s » define (,f'\s, t) £ Ty (j;-^M_ by 

We introduce the intermediate approximate pseudoholomorphic quilted surfaces {rQ,u§), (ri , ), 
defined as follows. The map : Sr^ — > M is defined piecewise by 



Uo{z), z e Sro\ U e.(,){s > R/2 -I) 

i=i 

exp2(,)(/3(s-i?/2)e.(s,t)), z = e^,.,{s,t),sG[R/2-l,R/2] 
, y.(t), z = e^(,){s,t),s > R/2. 



For i = I, . . . , k the intermediate maps uf' : M_ are defined by 



zG5,Ae (o)(s>i?/2-l) 



expj(^)(/?(s - R/2)^s,t)), z = ejo){s,t),se [R/2 - l,R/2] 

vAt), 



z = e„(o)(s,i),s > R/2. 
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Figure 5.2. Pregluing in Case 2. 



Then the pre-glued quilt map is 



yiiz), z G 5r„ \ U (^rd) (s > R) 
i=l 

uf{z), zeSr^\ e (0) {s>R). 



Type 3. (A Floer trajectory breaks off.) Consider a pair 

of a regular pseudoholomorphic quilted disk and a regular Floer trajectory. Assume without 
loss of generality that lims_>_ool^(-s, t) = aij(i), \\Tas^oo'!l{s,t) = y{t), and let C label the 
striplike end of Sr^ for which liiais^ooM.i{i(^{s,t)) = The Floer trajectory v is defined 

only up to an R translation, so fix a parametrization. 

The quilted surface. In this case, rR = ri. 

The approximate pseudoholomorphic map. For s » we know that Ui{€(^{s,t)) and v(—s,t) 
are exponentially close to x^{t). For such s, define ^{s,t),r]{—s,t) G Tx.(t)M. by the conditions 
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that 

=«i(ec(s>*))> exp^^^^^{r]{-s,t)) = v{-s,t). 

Define an approximate pseudoholomorphic quilt and an approximate trajectory by 

( ui{z), zeSr,\ e^(s > R/2 - 1) 

uf{z) = i ew^,Ms - R/2)as,t)), z = ec{s,t),se[R/2-l,R/2] 
( Xi{t), z = e<;{s,t),s>R/2. 

{v{s-2R,t), s>3R/2 + l 

exp2(^)(/3(-s + 3i?/2)r?(s - 2R,t)), s G [3R/2,3R/2 + 1] 
Xi{t), s < 3R/2. 

Then the preglued quilt map is 



5.2. Estimates for the preglued quilts. 

Proposition 5.2.1. For sufficiently large Rq > 0, there is a monotone decreasing function 
e : [Ro, oo) — > [0, oo) such that 

\\{d-E){rR,UR)\\o,p<e{R) 

and e{R) as R ^ oo. 

Proof. We estimate it for each of the three types of pregluing separately. 



Type 1. Let {J_,K_) denote the approximate perturbation datum on the preglued quilt that 
is inherited from the perturbation data and {J_2,K.2) fo^' '^^i and respectively via 

the pregluing procedure. Let { J_{rR), K_{rii)) be the perturbation datum on that comes from 
the universal choice of perturbation data over the family of quilted surfaces parametrized by the 
multiplihedron. In general {J_,K) and iJ.{rR),K^{rR)) are not the same, but the assumption 
of consistency implies that for large values of R, the data agree on the "thin" part of Sr^, 
while on the complement of the thin part, which consists of two compact components coming 
from Sr-^ and 5^2, {J.{j'r),K.{J'r)) converges uniformly to {J_i,K_i) or {J.2,K.2) respectively as 
R oo. 

Given that 

d{rR,Uji) - K{rR,Uji) = ^{duji + J{rR) o du^ o j^m)) 

— inrR) + J{rR) o Yim) o j(rij)) 

we will estimate this on different parts of the preglued surface Sr^. 

Consider a striplike end Z C (S^^. It corresponds to a striplike end on either 5^ or 5^2, 
that was not truncated in the pregluing step; let us denote this striplike end by Z too, where 



GLUING PSEUDOHOLOMORPHIC QUILTED DISKS. 31 

Z C Sy^ for i = 1 or 2. Since j(rR, z),J.irR,u(z), z) and Y^{rji, z) are independent of R and are 
the same as the corresponding data on , 







since we assumed that {d — iL){ri,Ui) = 0. This argument proves that {d — y){rR,Uj^ is zero 
on all of the striplike ends of the glued surface 3^ - 

Next, for i = 1,2 let denote the complement of the striplikc ends on Sr^, and let Si also 
denote its image in after pregluing. Note that is compact, and that ^ = 
Hence, 



Si 



{d-E){rR,Uji) ={d-!/)irR,Ui) ^ = Jfe +i/(rR,uJdnj(^R)] 



Si 



Si 



2' 

-^[y{rR,Ui) + J{rR, Ui)Y_{rR, mi)j{rR) 



Si 



Since we know that {d — = 0) a-nd that j{rR), J{rR,u^) and Y_{rR,u^ converge uni- 

formly to j{ri),J,{ri,u^) and Y_{ri,u^) on Si, it follows that for sufficiently large R there is a 
monotone decreasing function ei{R) —y as R ^ oc such that the uniform pointwise estimate 
\{d - E){rR,UR){z)\ < ei{R) holds for all z e Si. 

Finally, consider the neck of along which the pregluing took place. Let Zi and Z2 
denote the striplike ends of Sr-^ and that were truncated along s = R; and by slight 
abuse of notation let Zi and Z2 also denote the images of the truncations after pregluing. By 
symmetry it is enough to consider what happens on Zi. There are three regions to consider, 

0<s<R/2-l, R/2-1 < s < R/2, R/2 < s < R. 

On the region < s < R/2 — 1, (d — M){rR,UR) = {d — i£)(ri, u^) = 0. 
On the region R/2 < s < R, we have that Uji{s, t) = Xg(t), and so 

dxoit) + J{t,Xo{t)dxoit)j - Xh, - J{t,XQ{t))XHj = 

because dsXQ{t) = and dtXQ{t) = Xh_^ together imply that dg^{t) — Xh_^ = 0. 
On the region R/2 — 1 < s < R/2, since Ui{s,t) converges exponentially to y{t) as s — ^ 
00, we know that |^(s,t)| becomes exponentially small in s. Therefore, \(5{s)^^{s,t)\ is also 
exponentially small in s. Now, dy{t) — XH_^{y{t)) = 0, so 

\dexpQ {l3{s)i^{s,t)) - X„^{e^pyjt){(3{s)i^{s,t))\ < \dexp^^^^i/3{s)^^{s,t)) - dy{t)\ 



+ \Xh, m - Xh, (expQ iPis)^^ {s,t)))\ 



-y(ty 

4-1 Xrr - Yrr ('pYr, 

-y(ty 

and since exp^^j^(/3(s)^_^(s, t)) is exponentially close to y{t), there is a monotone decreasing 
function 62 (-R) — > as i? ^ 00 such that 

uniformly in t for all s > i?/2 — 1. 
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Using all these estimates, we have 




< ei{R) vol(-Si) Vp + ei{R) vol(S2)^/^' + e2{R). 

Here V0I5. is the volume of the compact subset Si C with respect to a fixed volume form 
on Sr^. 



Type 2. The estimate for Type 2 of the pregluing construction is very similar to that of Type 
1. Repeating the same arguments on the corresponding parts of leads to an estimate 

k 

\\^S,rn,u^{0,0)\\o,p,R < ei(i?) ^ vol(5i)i/^ + ke^iR). 

i=0 

Type 3. This type of pregluing is slightly different from the previous two types. Let Z denote 
the striplike end of on which the pregluing takes place. The perturbation data is fixed, so 
on the complement of Z, {d — E)(j'i,Uji) = {d — = 0- Thus {d — zd)(ri,M^) is only 

supported on Z. 

Write z = _{s,t). For s G [0,R/2 - 1] , (3 - z^) (n , Ur) = (5 - i/)(ri,Ui) = 0. For s G 
[R/2, 3R/2], (d - M.){ri,uji) = {dty{t) - XH^{y{t)f^^ = since y{t) is the Hamiltonian flow of 

H^. For s G [3i?/2 + 1, 00), (d - E){ri,UR) = dv{s - 2R,t) - Xh^{v{s - 2R,t) = 0, as u is a 
Floer trajectory. 

Therefore {d — z^)(ri,u^) is only supported on the region where s G [R/2 — 1, R/2] or 
s G [3i?/2,3i?/2 + 1]. On the first part, for sufficiently large R, \^{s,t)\ is exponentially small 
in R when s > R/2 — 1, and so for the same reasons as in the previous two calculations we can 
find a monotone decreasing €2 (R) ^ as — > 00 such that 

uniformly in t, whenever s G [R/2 — 1, R/2]. Similarly, for sufficiently large R, [r](s — 2R, t)\ is 
exponentially small and we can find an e2{R) as above such that 

+ 3i?/2)5(s - 2R,t)) - XH,iexp^,JP{-s + SR/2)ri{s - 2R,t)\ < e^iR)) 
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uniformly in t, whenever s € [3R/2, 3R/2 + 1]. Putting the estimates together gives 

/ 1 R/2 \ ( 1 3i?/2+l \ 

/ / \{d-y_){u^)\^ dsdt 

\0 R/2-1 

< e2(i?)+e3(i?). 



||^5,n,n«(0,0)||o,p,i? < 



l(5-id)(MR)r d^ dt 
\0 3R/2 J 



□ 

5.3. Constructing a right inverse. We construct an approximate right inverse for the lin- 
earized operator of the prcglued surface and curve, then show that it is sufficiently close to 
being a right inverse that an actual right inverse can be obtained from it via a convergent 
power series. We treat the three types of pregluing separately. 

Type 1. Assume that (ri,M^) and {r2,U2) are regular and isolated, for the perturbation data 
{J_i,I£i) and {J_2,K.2) respectively. We will show that Dr := Ds,ri#iir2,ui#RU2i defined with 
perturbation datum (J(rR), K(ri?)), is also a surjective Predholm operator, with a right inverse 
Qr that is uniformly bounded for sufficiently large R. 

Recall the intermediate quilt maps (ri,Mf), (7*2, For large R, the functions uf^,i = 1,2 
arc T4^^'''-small perturbations of Ui- The perturbation data {J.{^r)j K.{^r)) are just the Floer 
data along the neck of Let { J_i{rR),K_j^{rR)) denote the perturbation datum on given 
by the restriction of {J_{rR), K_{rR)) to the truncation of Sr^, extended trivially over the rest of 
the striplike end of Sr^ by the Floer data. The assumption of consistency implies that for large 
R, the data {J.i{rR),K_^{rR)) is a compact perturbation of (J,-, K^). 

The property of being a surjective Fredholm operator is stable under T^^'P-small and com- 
pact perturbations, hence for sufficiently large R the pairs {ri^uf) are regular with respect 
to {J_i{rR),K_^{rR)). Let Qi^R denote a right inverse for the linearized operator Dg^.^R. We 
observe that Qi^R is actually a left and right inverse, since by assumption kerD^^, has 
dimension 0, so Z)o ^ is an isomorphism. 

Returning to the linearized operator 

Dr : ^^^7^<^l+''2,o ^ W^'P{Sr^,u*RTM) ^ LP{Sr^,A^'^ ®ju*rTM) 
we construct an approximate inverse 

Tr : A°'^ ®ju*rTM) ^^^7^'^l+'^2,o ^ w^'P{Sri„y*RTM). 

Let ?7 G LP(5^^, AO'i 0j yt^TM). Set 

77(2;), z G rf , ( \ _ \ V{^)} z € r^. 



so 



^1^^^ ~ I 0, ' z € n \ rf ' ^2^^) - \- 0, z G r2 \ rf 
The abrupt cut-off does not matter because the norms involving 77^ and rj^ are just norms. 
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Using Qi^R and Q2,r we get 

Our final step is to glue these into a single element of T^^7^'^i+'^2,o ^ W^'P{Srn,u^TM_). For 
large R, local gluing charts near the boundary of 7^<^i+'^2,i gjyg isomorphism 

where the last component represents the gluing parameter. Using this isomorphism we get a 
well-defined element 

Ti#RT2 ■= (ri,r2,0) G T,^7^<^l+'^^■°. 

Now fix a smooth cut-off function /? : M>o [0, 1] such that /3(s) = 1 for s > 1 and /3(s) = 
for s < 1/2, and < /? < 2. Let Pr{s) := /3{s/R). 



To simplify notation, define Pi^r : — >^ K by 



i^{s,t) + l3R{s)C^{2R-s,l-t) iiz€Zi,se[0,R] 
PRis)^^{2R-s,l-t)+^^{s,t) iiz€Z2,s€[0,R] 



1 if z G \ ^1 , 

1 if 2 € € [0,i?], 

(3r{s), ifzeZ2,se[0,R], 

if 2 G \ -^2 



and make a corresponding definition of P2,R- With this notation, we can write ^^^rS,^ 
PiM^ + /32M^- We define 

TrTI- {Tl#jiT2,i^#Ri^). 

Now we need to check that for all rj G (^5^^ )«5 fo'^ sufficiently large R, 



\\Ds,rR,ujiTRri- riWo^p^R < -||?7||o,p,ii. 



Now, 



Ds,rii,Uj,TRri-ri = Ds,rR,Uji{Tl#RT2,i^#RQ - V 

= D%-\,i^r2 + Dl-J_^i^ni,-ri- 

By construction D^^^ and ^ agree on the support of ri, which is S^-^ \ Z\. Similarly ^ 
agrees with D^f^ on the support of T2 which is \ ■^2- Hence, 
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Since and D"^'^' agree on the support of /3i , we may write 

— ^ U-^ ' — i 



2 

= (5./32,«)L+/32,i?i^;p2- 



±2 



By construction, Dr~ Ti + D]^^ ^. = D^^ Qi^R-q. = r]., where Qi^R is the inverse of D^ ,,. So, 

Ds,rR,u^TRri-r, = D^I^\i#rT2 + D^^^^.i^Bi, - V 

= Dif\, + DifK2 + D^^^) {P,,R^^ + (32,Ri,) - V 

= Dlf\i + Dl.f\2 + {dsPi,RK, + + 

= (3,,r{D^^\, + D^ni,) + /32,il(i5&^V2 + D^fQ 

+{dsPi,R)i, + {dsP2,R)i^-ri 

= l3l,R% + P2,R22 + {dsPl,R)ii + {dsp2,R)i^ - V 
= R1+II2-R+ (9sPl,R)i^ + {dsP2,R)i^ 
= {dsf3l,R)i, + {dsP2,R)i^ 

as the support of rj. is precisely where Pi^R = 1, and r]^ + rj^ = rj. We can find a c > and an 
Ro>0 such that operator norms ||(5i,ij|| < c for all R> Rq. Therefore 

\\i^\l,p,R < \\Qi,Rri^\R < c\\lli\\o,p,R 

so we can estimate 

\\Ds,u^,rRTRri- ri\\o,p,R = \\{dsPi,R)^^ + {dsP2,R)i2\\o,P,R 

< 2/R{U^\\o,p,R + \\i^\\o,p,R) 



2c 

< -^\\ri\\o,p,R 



and 2c/ R < 1/2 for sufficiently large R. 



Type 2. Assume that {ro,UQ), {ri,Ui), . . . , {rk-,Uk) regular and isolated for the pertur- 

bation data prescribed on their strata. For a gluing length R, form the preglued surface and 
map, abbreviating 



{rR,UR) •■= {ro#R{ri, ■ ■ ■ ,rk),Uo#R{ui, . . . ,Uk)). 
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For i = 0, . . . ,k, denote by {J_i{r r) ^ K_^{r r)) the perturbation datum on given by the re- 
striction of {JirR)iESXR)) to the truncation of 8^., extended trivially over the rest of the 
striplikc end of Sr^ by the given Floer data. The assumption of consistency implies that for 
large R, the data {J.i{rR), K_^{rR)) is a compact perturbation of [J_i-,K_j). Also, by construc- 
tion the intermediate maps «f are PF^'*' small perturbations of u-j. The properties of being 
Fredholm and surjective are stable under ly^'^-small perturbations, hence for sufficiently large 
i?, (ro,Mo^), . . . , {rk,u^) are regular with respect to {J_i{rR), K_i{rR)). The linearized operators 
^S,ri,u^ are surjective with zero dimensional kernel hence are isomorphisms, so let Qi^R be the 
inverse of Do ^ „«. For convenience, for each i we will denote by S?: the truncation of Sr that 
appears in the pre-glued surface , denote hy Zi, . . . , the striplike ends of iS^ , • • • , S^^, that 
arc truncated in the pre-gluing process, and denote by Z[,...,Zj^ the corresponding striplike 
ends of the surface Sr^. 

We construct an approximate right inverse Tr for the linearized operator Dr as follows. Let 

?7 G LP{Srii, ® J UrTM). Set 

%^^>-\ 0, else ' "Iky^'-X 0, else, 

with ry. G ^^(.5^, , A°'^ j {uf)*TM) fov i = 0, . . . ,k. Define 

The final step is to glue these fc -|- 1 things together to get a single element of T^-j^TZ'^^'^'^^'^ x 
W^'P{Srn,u*RTM_). For large R, tr is near the boundary of Jidi+...+dufl ^ where local charts 
identify 

the last component coming from the gluing parameter. With this identification set 

To#i?(n, • • • jTfc) := (ro,ri,...,rfc,0). 

Fix a smooth cutoff' function (3 : IR>o [0, 1] such that = 1 for s > 1 and /3(s) = for 
s < 1/2, and < /3 < 2. Let Pr{s) := P{s/R). Define Pq^r : [0, 1] by the condition that 



Po,r{z) = 
and for each i € {1, . . . , k}, let 



1, z G 5^, 

z G G [0, = 1, . . . ,/c, 
0, else. 



1, ze S^, 
PiMz) = { Ms), zeZlcSr„s€[0,R], 
0, else. 
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then set {C^^ ■ ■ ■ ^CiJ •= SiLoA.^Cj- We define the approximate inverse by Trt] := 

{to#r{ti, . . . , Tfe), Co#r(?i' • • • ' ^k)- The construction leads to the estimate 

i=0 i=0 

k k k 

i=0 i=0 ' 1=0 

i=0 ' i=0 

k k 



i=Q i=0 
k 



i=0 

Since {Ti,^.) = Qi,RVj^ there is a c > such that 

|liJ|o,p,i? < \\Qi,Rri,\\l,p,R < c\\U.i\\o,p,R, 
for ah i. Combine everything into a total estimate 

\\Ds,u,rTll-l]\\o,p,R<Y\\^l^iM'P'R^ \Wi,R\\ooY\\iMp^^ - '^^'^WrM'P'R 
1=0 «=0 i=0 

2c 



and for sufficiently large R, 2c/ R < 1/2. 



Type 3. Assume that {ri,Ui) is a regular isolated pscudoholomorphic quilted disk, and is a 
regular isolated Floer trajectory, for their respective perturbation data. For large R, the inter- 
mediate maps {ri,uf ) and are W-'^'^'-small perturbations of (ri,u^) and v respectively, and 
since being Fredholm and surjcctivc arc properties that are stable under small perturbations, 
it follows that {ri,u^) and are also regular for sufficiently large R. Let Qi^r be the inverse 
of Dg^^^R (which is invertible), and let Q^r be a right inverse for D^r respectively, whose 
image is the orthogonal complement of the kernel of D^r. Let S denote the infinite strip 
M X [0, 1], and label by Z the striplike end of Sr^ on which the pregluing takes place. Construct 
an approximate right inverse 

Tr : LP{Sr^,A^^^ ®jUrTM) Trjl'^^^^^ x W^^^{Sr^,ytRTM) 



38 SIKIMETI MA'U 

of ^5,ri,Wfl as follows. Let r? G LP{Sr^,A^'^ ®jv*rTM)- Set 

0, else, 

and % = l- V^. Then G LP{{Sr^,K^'^ ®j {uf)*TM), and 77^ € LP{T.,h?'^ ®j {v^)*TM), 
and we set 

Q,K7?^ := i^eW''P{E,{v''rTM). 

We need to glue and .^^ together to get an clement of W^'P{Srj^, (ui#rv)*TM). Fix a smooth 
cut-off function /3 : M>o [0, 1] such that /3(s) = for s < 1/2 and /9(s) = 1 for s > 1, and 
< /3 < 2. Let /3ij(s) := f3{s/R). Define /9i,i? : [0, 1] by 

= l,Z£Sri\Z, 

l-PR{s-R/2),z = {s,t) G Z, 

and 

Pr{s),z = {s,t) € Z. 

Putting ^^#^^2 ■= /^l>«il + /^2,iie2 d^fi"^^ ^-R!! ■= (^l'ii#«i2)- 

= Dif\, + D^^^^P,,R^^+D,nP2,Ri^-ri 

= D^^Ki + {ds(3i,R)i^ + Pi,RD^^uk, + {dsP2,R)i^ + P2,RD,ui^ - ri 

= PiMDlf^n + D^^^k^) + P2,RD,ni^ -ri+ + {dsi32,R)i^ 

= idsf3i,R)i, + idsP2,R)i^, 

and choosing a c > 0, Rq > such that the operator norms ||Qi,r|| < c, < c for all 

we have an estimate 

2 

\\Ds,ruuj,TRri- ri\\o,p,R < -^iU^\\o,p,R + UJo,p,r) 

so 2c/R < 1/2 for sufficiently large R. We obtain an actual right inverse Qr = Tr{DrTr)~^ 
using a power series 



(DrTr)-' = (Id + (DrTr - Id))-i = J2i-^)'iDRTR - M)' 



— yj^R-^R — ^'^^^ 

k=0 

which is convergent for large R because of the estimate \\DrTr — Id|| < 1/2. 
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5.4. Uniform bound on the right inverse. By construction, the image ofQji = Tji{DjiTji)~ 
is the same as the image of Tr. The operator norm of {DrTr)~^ can be uniformly estimated, 
by the resuhs of the previous section. Thus it remains to find a uniform bound for ||Tr|| in 
order to get a uniform bound 

Type 1. Tr is a composition of operations. The initial cut-offs define a map 

Ai X A2 : LP{Sr^,u*RTM) ^ i^(5ri , (nf )*TM) x ^^(^ra, (uiyTM) 

where the norm on the product LP{Sr^ , (uf)*TM) x U'{Sr.2 1 (uf^TM) is the sum of the norms. 
So by construction, the operator norm j| Ai x A2II = 1. The next step is the map Qi^r x Q2,r 
whose domain is the product LP{Sr^, {uf)*TM_) x LP{Sr.^, {yi)*TM_) and range is the product 
Tr^n X W^^P{Sr,,{u^)*TM) X Tr^n X ^^^'^'(5^2 , (uf )*TM) . The operator norm is estimated 
\\Qi,R X Q2,_r|| < IIQi.rII + IIQ2,r|| < 2c where c is a uniform bound on the operator norms 
of Qi,R, Q2,R for large R. (Such a uniform bound c exists because for large R, Qi^r and Q2,r 
converge to Qi and Q2, the respective inverses of Ds,ri,ui and Ds,r2,u2-) The final step in the 
construction of Tr uses an operator 

A X /32 : W''P{Sr„{ni)*TM) x W''P{Sr,, {idTTM) - W''P{Sr^, {uj^yTM) 
defined using the cut-off functions (3i^r and fj2,R, which by construction satisfies 

X P2)ii^,i^)\\l,p,R < \\i^\\l,p,R+UJl,p,R 

where the right hand side is the norm of {^_^,^^) on the product W^'P(Sri, (u^YTM) x 
W^'P{Sr2,iyi)*TM). Hence ||/3iX/32|| = 1. Putting everything together we get that ||Tr|| < 2c. 

Type 2. By almost identical arguments as above we can conclude that ||Tij|| < {k + l)c, where 
c is a uniform bound for large R on the operator norms for z = 0, 1, . . . , A;. 

Type 3. By almost identical arguments as above we can conclude that ||Tr|| < 2c, where c is 
a uniform bound for large R on the operator norms ||(5i,_r|| and ||(5t,,_R||. 

5.5. Quadratic estimate. The goal of this section is to establish a quadratic estimate, 

\\dJ='s,r,uiP,0 - Ds,r,u\\ < c{\\^\\wi,p + \p\) 

where the norm on the left is the operator norm. The W^'P norm on the right will depend 
on a choice of volume form on S, and in the proof of the gluing theorem it will be a different 
volume form for different values of the gluing parameter R. Note, however, that the definition 
of the operator J^s,r,u doesn't depend in any way on the volume form on S. The crucial thing 
to ensure is that the constant c in the estimate can be chosen to be independent of the gluing 
parameter R. 

We assume that we are working in a local trivialization of the fiber bundle S ^ TZ, m a 
neighborhood U C TZ of r. We will write S_:= Sr- Recall that in this neighborhood of r, all the 
fibers Sr' are diffeomorphic to S_, and so the varying almost complex structures can be pulled 
back to S_, as can the perturbation data. 
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Definition 5.5.1. For a fixed volume form on S_, let 

Cp (dvols) := sup 

07^/GC°°(s;)nVKi.p(5) ll/llv^i-p 

Lemma 5.5.2. For each d > 1, there is a constant cq such that Cp < cq for all the quilted 
surfaces Sr in the bundle 5*^ —>■ IZ. 



Proof. If one fixes volume forms for each patch in the quilts in a given family S'^ or S'^'^ , then 
such a constant exists for each patch by the embedding statements of Appendix A, which can 
be uniformly bounded over a given family S'^'^ or S'^. □ 

Proposition 5.5.3 (c.f. Proposition 3.5.3 in [5j). Let p > 2, r ^ IZ and let S_ := Sr he its 

quilted surface with strip-like ends, i^^i gthtck{thin) jg^^j^g ^/jg tJiicJ^ (resp. thin) part of a thick- 
thin decomposition. Then, for every constant cq > 0, there exists a constant c > such that the 
following holds for every volume form dvol^ on S_ such that Cp(dvol5) < cq and vol(S'*^*'^*^) < Cq. 
//u G W^'P{S,M), i G W^'P{S,u*TM), r~e TZ, and p € T^7^ satisfy 

(5.2) \\du\\LP < Co, ||^||l°° < Co, \p\ < Co, 
then 

(5.3) \\dTs,r,u{p,i) - Ds,r,u\\ < C{\\§\\wi,p + \p\). 

Here || • || denotes the operator norm on the space of hounded linear operators from T^TZ x 
W^^P{S,u*TM) to LP{S,A^'^ (S)ju*TM). 



Proof. For each component manifold M of M, a point x £ M and a vector € TxM determine 
a linear map 



d 



A=0 



exp^(? + AO 



and a bilinear map 



A=0 



Similarly, for each pair of manifolds (Mi,M2) in M labeling the patches on either side of a 
seam (we include true boundary components by considering them as a seam with the other side 
labeled by {pt}), a point x := {xi,X2) G Mj~ x Mw =: M together with a vector ^ := (^1,^2) G 
TxM determine a linear map 

i " 



exp«(^ + AO 



A=0 



and a bilinear map 

^^(0 : r,M X T,M ^ Te,p^ ^M, (C, ^ ^ VA$?(e + Ae> 



A=0 



We use the notation ^r{p) to denote the inverse of the projection [ J^.^^. That is, ^r{p) ^(^) 



0,1 

(r) 



= ^ (V' + '^(^) ° ° j(^))- We therefore have, for each r £ TZ, and p G TrTZ, a 
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linear map 

Er{p) : Tr-TZ TrpTZ, -JT exp^(p + \p) 

and a family of bilinear maps (parametrized by the quilted sm^face) given by 



A=0 



All the manifolds are compact, and by construction the almost complex structures J(r, z) 
(which determine the local metrics and exponential maps) vary only over a compact subset of 
the bundle S, and the quadratic corrections Q near each seam/boundary component only vary 
over a compact interval. Therefore, there is a constant ci such that for all \p\ < cq and |^| < cq, 

\Er{p)p\ < Ci\p\, \'i>r,z{p;P,V^C)\ < Ci\p\\p\\r]^C\ 

for all norms determined by the metrics gj(r,z)- The inequalities for the bilinear forms are 
possible because both are when ^ = and p = 0. 

Prom here on in the calculations, we will simplify notation and write u instead of u, and ^ 
instead of ^; but it is important to remember that they are defined on quilts. Starting from 
the identity 

^s,r,u{P + A^, ^ + Xi)J^s,r,u{P + >^P,^ + = dj{ex.pr{p + Ap), exp„(^ + Xp)) 
we covariantly differentiate both sides respect to A at A = within our trivialization. For 
typesetting reasons, abbreviate T := ^s,r,u,u^ '■= exp„(^),rp := exp^(/j). 

(5.4) Va _ n,^$5,,,„(p + Ap,e + Xi)Hp + Xp,C + A|) = Ds,r,,u,{Er{p)p,E^{C)0. 

A — 

Expanding the left hand side of (|5.4p yields 

[^r{p; P, ^uiOHp, 6]°;' + [^n(C; I Mp^p, 0)]°;' + ^s,rAp^ OdHp, Oip, 0]- 

Therefore we have 

dTs,r,u{P,Oip,i) - Ds,r,u{pd) " ^5,r,n(/5, 0"' [^n(C; C>r(/9)^(p, 0)1 



^s.Ap: 0"' [*r(/j; P, ^u{i)HP: 0)]°'' 



B 

+ ^S,rAP^O'^Ds,r,,u^{Er{p)p,E^{i)e) - Ds^rAP^O- 



C 



We estimate A, B and C in turn. 



Estimating A. By definition ^s,r,u{P^O ^ = ° ^u{C) ^- By construction, the projection 
satisfies |n^V| ^ IV'I when using the induced norm at r, and ^u{C) is an isometry. Under 
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the assumption that \p\ < cq, we can find a constant C2 (which depends on cq) such that the 
operator norms ||$r(/o)|| < C2 and \\Ilrp\\ < C2. So we get a pointwise estimate 

1^1 < \'fu{^;i,'^r{p)HP,0)\<ClC2\m\Mp)HP,0\- 

Moreover 

Hp,0 = <^s,r,uiP,0''[dH-Yirp,u^))]l\ 
=^ \J^{p,0\ < C2\dui:-Y{rp,u^)\ <C2\dui.\ + C2\Y{rp,Ui.)\. 

We can find a constant C3, which depends on the fixed choice of cq, and the fixed choice of 
almost-complex structures J(r, z) in the perturbation datum, and the fixed choice of quadratic 
corrections Q for the seams (but given fixed choices, this constant can be made independent 
of the parameters (r, z)), such that 

Idexp^CI <C3(idnI + |Ve| + |C|) 

whenever < cq and ||^||loo < cq. There is a further constant, call it C3 as well, that 

gives a uniform bound |y(r, < C3 for all {r,z) £ 5, x G M, and all metrics [ • | on TM 

induced by J(r, z). Taking norms of these estimates, we get 

\A\ < cic2c3ieiiei(|c?n| + |vei + ici + i) 
=^ \\A\\p < cicic3(^moomoo\\du\\p+mM^ 

< cAim\i,p + \p\)m\i,p+\p\), 

where ca = CAico, 01,02,03). 
Estimating B. First we have 

\B\ < \^>r{p:P,^u{i)HP.m < \'^r{p;~P,^u{i)?{p,m + \'^r{p\P,^u{i)V{p,m 

where the notation T = J-+V (from section 1431) just separates the d piece of the inhomogeneous 
pseudoholomorphic equation from the perturbation piece. For the first term, 

\^r{p;~P,^u{i)?{p,m < oi\p\\p\du^\ < ciC3|p||pI(|dn| + |Ve| + ICI) 

=^ \\%.ip;p,<^uionp,o)\\p < ci02\p\\pmu\\p + \\vap + m\p) 

< aBimi,p + \p\)m\i,p+\p\), 

where as = 05(00,01,03). For the other part of B, observe that '^r{p'-,P-,^u{0'T^{P->i)) = on 
striplike ends and the images of glued striplike ends, i.e., the thin part of the quilt. To see that 
it vanishes on the striplike ends, note that j and J are independent of r G 7^, so $r(p) is the 
identity. On the regions of S in the images of the glued striplike ends, i.e. the thin parts, J 
is independent of r € 7^, but j = j{r) does change with r. However, it is independent of r in 
the t direction, so the bilinear form vanishes on V{p,£,){dt) here. The bilinear form does not 
automatically vanish in the ds direction, however, the form V itself vanishes precisely in the s 
direction because the Hamiltonian perturbations are always independent of s on these parts. 
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SO Y{r, z)(ds) = here. Thus, "ifr^p; p^^uiOT^iP^O) is only supported on the thick part of S. 
With this in mind, we have that 

\\'^rip;p,^u{OV{p,0)\\p < Cl|p||p|||y(r,z)||ip(5tMcfc) 

< ciC3lpl|/5|(vol(5*'^*^'=))^/P 

< CoCiC-i\p\\p\ 

< bBimi,p + \p\)m\i,p + \p\), 

where Ib = bsicQ, 01,03), and so taking cb = as + bB we have that 

\\B\\p<CBmhp + \p\)m\i,p+\p\)- 

Estimating C. Writing Ds^rp,u^ = Du^^ + D^p^^ as in section H3l we have 

^S,rAP^ir^I^S,r,,u^{Er,u{p,i){p,€)) - Ds,r,uip,i) 

= [^s,rAp^o-'D^u{^Euim) - Di:\i)] 
' . ' 

C{a) 

V ' 

C{b) 

Estimating C{a). By definition <&5,r,M(/0) C)""*^ — ""^ on^, and is an isometry, so 

L J (r) 

^\c{a)\ < \D^:^\E^{im) - ^um'i\i)\ 

< \m:\E4cm - MODi:hi)\ + \p!{/\Eum)) - MOP!.'\a 

^ V ' ^ V ' 

C{a)(i) C{a){ii) 

Estimating C{a){i). By formula (14. 6p for Du^ we have 

(5.5) + ^|J(rp)(V^^(^)(^-)J)(rp,n^)9j(,,^)'Ug - ^u{i)J{r){V-^J){r,u)dj(^)u\. 

For \p\ < Co, we can find a constant C4 such that at every (r, z) G S, the operator norm 
lln^p — nj.|| < C4\p\ uniformly for all (r, z) G 5 and x G M . Hence the first term in (j5.5p can be 
estimated by 

|[v(ii;„(0(l))]°;' - ^uiOm'A < |v(i?„(0(l)) - ^.(6v|| + |(n,^ - n,) o 

< \v{Eu{0{i)) - EuicMi + - $u(e))vei + C4ipiiv|| 

< \{VEu{0)i\ + \iEuiO - $«(0)Ve| + C4|p||V||. 

Since Ex{0) — ^x(O) = 0, there is a uniform constant, again call it C4, such that — 
^1(011 ^ C4 for all 1^1 < cq. There is also a uniform constant, again call it C4, such that 
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pointwise, the operator norm ||V£'u(.^)|| < C4|^j(|(in| + [V^D whenever \S^{z,u{z))\ < cq. Hence, 

ii[v(i?„(0(0)]rV - '^uim^t'^Wp < C4 {m\oo{\\du\\p + iivciip)iieiioo + ii^iiooiiviUp + ipiiiviiip) 

< C4(c[iiieiii,piiiiii,p+ enliven 

< c{mi,p + \p\m\\i,p + \p\)- 

where C = C{cq, C4) is a uniform constant. Up to the factor of |, the second term in (|5.5p can 
be expanded to 

+ «^(0[(Vs^(g)(|)J)(r,n5) - ^',(0(V|J)(r,n)]cI)„(^)aj(,)tz 

There is constant C5 so that ||V^J|| < csl??! for all (r, z) S 5, x S M, 77 G TxM. Furthermore 
we can choose C5 so that for all {r,z) G S, p £ Tr-lZ satisfying \p\ < cq, x £ M and ^ G TxM 
such that [^1 < Co, we have 

\\J{rp)-Jir)\\<C5\p\, ||J(rp)|| <C5, \jirp)\ < c^, \{V^J)irp,x) - {\/^J){r,x)\\ < c^MpI 

and for all ^/^ G r*^ TxM, we have |[V']r'p'' — [V^jr'^'l < csI/jUV'I, where [ ]r''' denotes projection 
onto the complex linear part with respect to J(r) and j{r). Thus the above expression can be 
estimated by 

ClC34\p\mdu\ + |VC|) + CiC34\i\\p\{\du\ + [Vel) + CiC34\i\\p\{\du\ + iv^i) 

+ci4m\ + C5\m\du\, 

and it follows readily that there is a constant C = C(co, ci, C3, C5) such that the norm of 
this sum is estimated by C{\p\ + ||C||i,p)(Ip| + ll'Clli.p)- Combining this with the estimate for the 
first term in (|5.5p we get that there is a constant C = C(co, ci, C3, C4, C5) such that 

(5.6) \\C{a){i%<C{\p\ + mi,p){\p\ + mi,p)- 
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Estimating C{a){ii). By formula ()4.8p for P^, we have 

C{a){ii) = [V^,^(^)(^-)y(rp,n5)]0;i-<I>„(0[V^->^(^, 



Jr 

1^ - ^ mo,i 



+ ^'^u{0[Jir, u) o (V^-J)(r, n) o F(r, u)] 

(^rp - n,.) o ( J o (V^^(^)(^-) J) o Y){rp, u^) 



0,1 
r 



There is a constant cq such that for ah (r, z) & S, p & TrlZ satisfying \p\ < cq, x G M, ^ E T^M 
such that 1^1 < Co, and for all rj E T^M, we have 

|V^r| < C6|??|, 

I (J o J o Y) {rp, x)-{Jo Vr,J o Y) (r, x)| < C6|p||r/|, 

|Vs„(5)(,)y-ci>„(ov,y|<c6|eiM, 

I (Vs.COW-^^ ^) (^,expQ(e)) - o (V,J) o y) (r,x)| < C6|e||r?|. 

Thus we get a pointwise estimate 

|C(a)(M)| < ciC4Ce\pm + ceieilll + ^ciCsc^cUpWi] + cocejpjlll + celCllel 
=^ \\C{a){ii)\\p < + + 

where C = C(co, ci, C3, C4, C5, ce). This completes the quadratic estimate for C(a). 
Estimating C(h). As in Section [4.51 we write = + Pr'^^P, 



C(fe)(») C(6)(n) 
Estimating C(h)(i). Using the explicit formula (j4.5p . we get 

2^'n(OC(ft)(0 = ^r0^rp{dEr{p){p)J ° du^ o j){r p,u^) - Iir^u{€) ° (OpJ o duoj){r,u) 

^ V • 

a 

+11^11^^(7 o du(:o dE^{p)(p)j){rp,u^) - Ilr'^u{€){J o du o dpj){r,u). 



We can find a constant C7 such that for all (r, z) E S, all p E T^T^ such that |/o| < cq, all E TrTZ, 
and all X E M and ^ G T^M with j^l < cq, we have HSg J|| < C7\e\, \\dej\\ < C7\9\, \\deY\\ < C7\e\, 
\\dEApmJirp,x)-deJir,x)\\ < C7\p\\e\, \<P,iOid0J){r,x) - (5^ J)(r, exp,(0)^>x(OI < crlOm, 
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\du^ - ^u{Odu\ < ctI^I, and \\j{rp) - j{r)\\ < c/lp]. Expanding a we get 

a = UriUr^ - Ur){dE,(p)(p)J o du^ o j){r p^U^) 

+Iir {dE,(^p)(p)J{rp,u^) -dpJ{r,u^)) o du^oj{rp) 
+Ur{dpJ){r,Ui:) o du^: o (j(rp) - j(r)) 
+Ur{dpJ){r,Ui:) o {dui: - ^u{Odu)oj{r) 
+Ur {dpJ{r, u^) o - <^^{^)dpJ{r, u)) du o j{r) 

^ \a\ < ciC:iCAC^C'j\p\\p\{\du^\) + C:iC5Ci\p\\p\{\du^\) 
+C3C?|p|(|du^|)|p| + 2c7|/5||e| 

=^ Mv < c{\p\ + Uh,)i\p\ + Uh,p) 

where C = C{co, . . . ,07). Now expanding /3 we get 

P = Ur{Ur^ -Ur)J{rp,U^)du^dE^^p)(p)j{rp) 

+Ur{J{rp,u^) - J{r,U(:))du(:o dE,[p)[p)j){rp) 
+IirJ{r,U(.)du^{dE,[p)[p)j{rp) - dpj){r) 
+Iir J {r,U!:){du!. - ^u{i)du)dpj{r) 

=^ < CiC3C4C5C7|p|(ldn^|)|p[ +CiC7|p|(|(in5|)|p[ + C3C7(|(iU5|)|p||p| +C7|^||p| 

=^ m\p < c{\p\ + mi,p){\p\ + mi,p) 

where C = C{cq, . . . ,07). Estimating C(h)(ii). By the exphcit formula (j4.7p . we can write 



+IirIir^{dE^^^p^i^p)JYj){rp,U^) - ^u{mr{dpJYj){ 



r,u 



b 

+UrUr^{JYdE^ip)(p)j){rp,U^) - '^u{0^r{JYdp){r,u). 



There is a constant Cg such that for all (r, z) E S, all p € TrTZ such that \p\ < Cq, all 6 € 
TrTZ, and all x G M and ^ G TxM with |^| < cq, we have \dE^(p){e)Y{rp,x) — de{r,x)\ < 
cs\p\\e\,\deY{r,exp,0 -MOdeYir,x)\ < C7\m, \deY{r,x)\ <C8\e\. Note also that Y is 
independent of r on the thin parts of the surfaces in S (i.e., striplike ends and images of 
striplike ends under gluing), so in particular, dgY is only supported on the thick part of each 
quilt Sr- Therefore, expanding a we have 

a = Ur{Urp -Ur)dE,(p)(p)Y{rp,U^) 

+Ur {dE,(p)(p)Y{rp,u^) - dpY{r,u^)) 
+UridpY{r,u^)-<^40dpYir,u)) 
=^ \\a\\p < ciC4C8|p||p(vol(5*^*^'=))i/^^ + C8[pl|p[(vol(5*'^-'=))i/P + C8|p|||e|lp 

< c{\p\ + m\i,p){\p\ + mi,p) 

where C = C(co, . . . ,cs)- The estimates for b and c are very similar, so we omit them. Now 
combining all estimates proves the desired estimate (15. 9p . □ 
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5.6. The gluing map. To define the gluing map, we use an infinite dimensional implicit 
function theorem, quoted here from [H Appendix A]. 

Theorem 5.6.1 (Theorem A. 3. 4 in [5]). Let X and Y he Banach spaces, U <Z X an open 
subset of X, and f : U ^ Y a continuously dijjerentiable map. Suppose that for xq € U , 
D := df{xo) : X ^ Y is surjective, and has a bounded right inverse Q : Y ^ X, and that 
5 > 0, C > are constants such that \\Q\\ < C, Bs{xq) C U, and 

\\x-xq\\ <5 =^ \\dfix)-D\\ < ^. 

Suppose that xi E X satisfies \\xi — xq\\ < |, and ||/(xi)|| < Then there exists a unique 
X E A" such that 

f{x) = 0, X — xi E im(5, and \\x — xo|| < 5. 
Moreover, |[x — xi|| < 2C||/(xi)||. 

We apply it to our situation as follows. For each R, take a local trivialization of a small 
neighborhood of the preglued curve {rR,u^). Identify 

X := Tr^TZ X W^^P{Srj,,u*RTM), Y := A^'^ u\TM), 

f ■= J's,rR,u^, xo:=(0,0). 

For 6 < l/(2Cc), the estimate (|5.ip says that whenever (|p| + ||C||i,p) < 5 then 

\\dTs,rn,Un(p4) - Ds,rn,uJ < c{\p\ + Mw^.v) < cd < 1/{2C) 

For sufficiently large R the constants C and c are independent of R, thus 6 can also be chosen 
to be independent of R. So now let xi := (0,0). Then 

\\^s,rR,u^{0,0)\\o,p = \\{d-E){rR,UR)h,p < c e{R) < — 

for sufficiently large R. Thus by the Implicit Function Theorem there exists a unique {pR, E 
Trj,n X W^'P{Srj„u*j^TM) such that 

Now J^s,rR,uji{pR,^^) = if and only if (exp^^ pR, exp„^ E Md,i{xQ, . . . , x^). Thus we can 
define a gluing map 

g : [Ro, oo) Md,o{xo, . . . , x^), R ^ (exp.^^ pR, exp„^ 

The implicit function theorem also implies 

\PR.\ + UrWw^^p < 2C||J-5,r«,n^(0,0)||o,p < 2Ce{R) ^ 

as — 5- cxD. In particular, the glued curves g{R) converge to the preglued curves {rR,Uf^), 
hence as -R — > oo they Gromov converge to the same limiting broken tuple. 

For a gluing length R » 0, write {rR,Upi) for the preglued curve, and {rR,u^) for the 
corresponding glued curve. 

In a local trivialization about the preglued curve {rR,UR), the implicit function theorem 
implies that the moduli space of pseudoholomorphic quilts in a neighborhood of {rR,Upi) is 
modeled on a complement of im Qr. In particular, to show that the image of the gluing map 
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is contained in the 1-dimensional component of the moduli space of pseudoholomorphic quilted 
disks, it's enough to check that im Qr has codimension 1. Since kerZ)_R is a complement to 
imQ/j, an equivalent statement is that dim ker = 1. By construction, the right inverse 
Qr has the same image as the approximate right inverse Tr. 

Proposition 5.6.2. The images of the gluing maps are contained in the one- dimensional 
component of the moduli space, Md,o{xj^^, ■ ■ ■ i^d)^ ■ 

The proposition will follow from: 

Lemma 5.6.3. For each type of gluing construction, with approximate right inverse Tr, 
codim im T/j = dim ker Dr = 1. 

Proof. We prove Lemma [5.6.31 for each type of gluing construction in turn. Since the construc- 
tions behave somewhat differently, the line of proof will be as follows: for Types 1 and 2, we will 
prove that codim im Tr = 1 by finding an explicit description of im T/j and a one-dimensional 
complement. For Type 3, we will prove the existence of an isomorphism ker Dy = ker Ds,ri,uj^] 
then, since dim ker = 1, it will follow that dim ker Ds^r^,uj^ = 1 too. 

Type 1. Suppose that {p,Q G Tr^lV^'^ x W^'P{Sr^, {ur)*TM). Let f3i + /3i,2 + = I he a 
smooth partition of unity on such that the support of Pi is on the part of Srj^ that comes 
from the truncation of Sr^ on the neck at s = R, the support of /?2 is on the part of Srj^ that 
comes from the truncation of on the neck at s = i?, and the support of /3i^2 is on the subset 
of the neck of Srj^ corresponding to i?/2 < s < i? in Sr^ as well as the corresponding piece 
from 5^2- For | G W^'P{Srj„ {ur)*TM), it is clear that 

M G P^''^(5,2,(n^)*TM), 

For p G Trj^TZ"^'^, we use local charts near the boundary to write p = pg + pi + p2, where 
pi G Tr^TZ, p2 G Tr^^TZ and /jg G M represents the component in the direction of the gluing 
parameter. Thus 

= (/93,o) + {pi,m + (o,/3i,2e) + {P2,M) 

and the result follows if we can show that the final three terms on the right hand side are all 
in imTR. The cases of and {p2,(32C) have identical proofs, so we prove it for the first 

case. 

Consider -C'5,rjj,M^(pii AO G U'{Srj^, (uj^)*TM). It is supported on the image of the trun- 
cation Sr^ \ {s > R} and so it can be identified with image of Dg^_^ uf (Pi'/^iO- The operators 
Ds,r,u preserve basepoints on the surface 5,., so the support of ^ G W^''PiSr.u*TM) on Sj- is 
the same as the support of Ds,r,u{p-,0 G U'(Sr,u*TM). Applying this fact we can conclude 
that the support of Ds,rB.,ui^{Pi-: l^iO is precisely the support of the cut-off function used in the 
construction of Tr, and therefore 
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where the last equahty follows from the standing assumptions that Dg^_^^R is surjective and 
has trivial kernel, so that it is an isomorphism; as such its right-inverse Qi is a left-inverse too. 
Hence, {pi,PiO ^ imTR. 

For the other piece, consider -D5^rj{,u^(0, /3i,2?)- The support of /3i,2^ is on the part of the 
neck where all three of the operators -Ds^rfl.u^) -C^5,ri,uf ^^'^ r2,u§ coincide, i.e.. 

By assumption both -D^^n.wf ^Sr2,u^ isomorphisms (being surjective with trivial 
kernel). Writing 77 = Ds,rR,uj^{0: Pi,20j recall that in the construction of Tr, one uses a cut-off 
function to write 1] = r]^ + ij^, where the supports of 77^ and rj^ intersect only at the truncation 
line s = R, and then the right inverse Qi is used on ri_^ and the right inverse Q2 is used on rj^. We 
know that Qir] = (0,^) and Q2rj = (0,^). The operator Tr is defined by Trt] = Qir]^ + Q2'ri^- 
So it is enough to show that QiT]^ = Q2'n-^- So suppose for the sake of contradiction that 
QiH^ — Q2V^ 7^ 0. If so, applying Dg ,^^ ,^R, we could write 

= ^S,ri,u^QlILi - Ds,r2,u^Qni 

= !Zi ~ !Zi = 0' 

contradicting the assumption that kei ^.^ ^r = 0. Hence, Trtj = (0, /3i_20- summary, we 
have: 

(a) If e T,,^7^'^'°xVFl'P(5r^, (uj^yTM) issuchthatp = {0,pi,P2) e RxTr^n'^-^+^'^ x 
Tr.-R'' ^ Tr^n'^'\ then G im Tr, 

(b) If (p, 0) G ^^^7^^'° X W^'P{Srj„ {ur)*TM) is such that p = {pg,0, 0) G M x Tr,-R'^-^+^'^ x 
Tr^n^ = then (p,0) ^ im Tr. 

Since these elements span T^Ji'^^^ x W^^P{Srji, (urYTM), it follows that 
(5.7) im TR = {{p,^)\pg = 0}. 



Type 2. Suppose that {p,Q G ^^«7^'^'° x W^'P{Srji, {ur)*TM). 

Let Po + Pi + . . . + Pk + Po,i + . . . + Po,k = 1 be a smooth partition of unity on such 
that for i = 0, . . . ,k, the support of Pi is on the part of that comes from the truncation 
of Sri neck at s = i?, and the support of /3o,i is on the subset of the neck of Sr^ 

corresponding toi2/2<s<i?in as well as the corresponding piece from .5^;. Then for 
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^ G W^'PiSrji, (urTTM.), it is clear that 



/3o,iti G W''P{Sro,{2irTM)nW''P{Sr„{M§rTM). 



For p G Tr ^TZ'^'^, we use local charts near the boundary to write p = po + pi + . . . + pk + Pg, 
where for i = 0, . . . , fc, pi G T^-JZ, and G M represents the component of the tangent vector 
in the direction of the gluing parameter. Then as in the previous case wc can write 



(p,i) = (Pfl,o) + {po,m + {puPiO +... + {Pk,Pki) + {o,Po,ii) +■■■ {o,Po,ki) 



and the result follows if all terms except the first on the right hand side of the above expression 
are in imTR. The same argument as used for Type 1 proves that all terms on the right except 
for {pg, 0) are in the image of Tr, and the result follows. In summary: 



(a) If (p,0 G Tr^W^'^ X {ur)*TM_) is such that pg = 0, then (p,^ G im Tr, 

(b) If (p,0) G TrjJZ'^^^ X W'^'P{Srj^, {urYTM) is such that p = pg, then (p,0) ^ im Tr. 

Since these elements span Tn^TZ'^'^ x W^'P{Sra, {ur)*TM_), it follows that 



Type 3. In this case we have glued {ri,Ui) G Md,o{2Lo^ ■ ■ ■ jU, - ■ ■ j-Hd)^ to a Floer trajectory 
V G M{y,Xi)^. Since the complement of im Tr is ker Dr, our goal is to show that the vector 
space ker Dr as the same dimension as ker Dy, which by assumption is 1. From this it would 
follow that the image of the gluing map lies in a one dimensional component of the moduli 

space. 

To show that the finite dimensional vector spaces ker and ker Dr have the same di- 
mension, it is enough to produce a pair of injective linear maps, $ : ker Dy — > ker Dr and 
* : ker Dr — > ker Dy. Write for the pregluing map. 

Claim 1: $:=(! — QRDR)df^ : ker Dy — ^ ker Dr is injective. 

By hypothesis kerD^ is one-dimensional, so we know that an explicit basis is {dgv}. It 
suffices therefore to show that for sufficiently large R, there is a constant c > such that 



(5.8) 



im TR = {{p,Q\pg = 0}. 
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where ci > and e{R) as R —> oo. Together these imply ()5.9p . since the uniform bound 
on the right inverse 

\\QRi\\i,p<cmo,p 

holds for R sufficiently large, and so 

\\{l-QRDR)df''{d,v)h,p > \\df''idsv)\\i,p-\\QRDRdf''idsv)\\i,p 

> Ci\\dsV\\l,p - C\\DRdf'^{dsV)\\o,p 

> ci\\dsv\\i,p - Ce{R)\\dsv\\i,p 
(5.12) > c-'\\dsv\\i,p 

for some c > for sufficiently small e{R)- 

To prove (|5.10p . we write V;j(s,t) := v{s + X,t). With this notation, d\Vx\^^^ = dsV. Thus, 

d 



df''idsv){s,t) = ^ 



^_Vx#RU^, 
A — U 



which by construction is supported only on the region s > 3R/2 on the striplike end. The 
pre-gluing map on this region is 

[ v^{s-2R,t), s> ^ + 1. 

and we need to take the derivative with respect to A. On the region s > 3R/2 + 1 we have that 

df'^{dsv){s,t) = v^{s-2R,t) = {dsV){s-2R,t). 

UA A=0 

Note that 

;[3ii/2+l,cx>) 
= \\idsV)is - 2i?,t)||i,p;[3R/2+l,oo) 
= \\dsV\\l^p-[-R/2+l,oo)- 

By exponential convergence of dsV, there is a ci > such that for all sufficiently large R, 

\\dsV\\l,p;[-R/2+l,oo) > Cl\\dsV\\l,p 

which proves (jS.lOp . 

To prove (jS.lip . observe first that by construction, DRdf^{dsv) is supported only on the 
interval s G [3R/2,3R/2 + 1]. It follows that the norm of DRdf^{dsv) is controlled by the 
W^'P normofdf^idsv) on that interval. Let Pr{s) := (3{-s+3R/2) and 77^(5, i) := r?(s-2i2,t). 
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For s G [3R/2,3R/2 + 1], 

df''{dsv)is,t) 



d_ 

dX 

d 

dX 



d 



(/3i?r/^(s + A,t)) 



PRdexp^^^^{pliri^){dsri){s - 2R,t). 



The identity 



implies that 



exv%v{s-2R + X,t) 



v{s-2R + X), 



de^p^,J'n{s-2R,t)){dsv){s-2R,t) = dsv{s-2R). 
yy') — — 

The hnear operator dexp^{ri) : TyM_ T^^^q^M is the identity for r/ = 0, so is invertible 

for small rj. For sufficiently large i?, the exponential convergence of trajectories means that 
r/(s — 2R, t) is uniformly small for s € [3-R/2, 3i?/2 + 1] . Therefore on this interval, we can write 

df\dsv){s,t) = PR{s)d^'^^^^{(5Rri^)[d^^^^^^{ri{s - 2R,t))]-^ d,v{s - 2R). 
Thus there is a constant C2 > such that 

N/^(<9sl!)(s,0lll,p;[3i?/2,3R/2+l] < C2\\dsV{s - 2i?, t) || i,p.[3R/2,3i?/2+l] 

= C2\\dsV{s, i) II l,p;[_i?/2 -K/2+1] 

< e{R)\\dsv{s,t)\\i,P 
where the last inequality and the term e{R) reflects the fact that the ratio 

\\dsV\\l,p-[-R/2-R/2+l]/\\dsV\\l,p 

goes to as ii ^ cxD. This proves (|5.11|) . hence also Claim 1. 

Now let /? : M ^ [0, 1] be a smooth cut-ofi^ function such that (3{s) = for s < —1/4 and 
I3{s) = 1 for s > 1/4, and < /3 < 3. Define a shifted and rescaled cut-off function I3r[s) := 
p{{s - R)/R). Then = for s < 3i?/4 and /3r = 1 for s > 5i2/4, and Q<I3r = $/R < 3/R. 

Claim 2: ^' := (1 - Q^rD^r){1 - Pr) x (1 - Q^rD^r)(3r : ker Dr — > ker D^r eker D^r is 
injective. 

Let ^ S ker Dr. Then ^ = (1 — (3r)S, + (SrS,. On the support of (1 — (3r)^, the linearized 
operators Dr and D^r coincide, so 



^.f (1 - pR)i = Dr{1- f5R)i = -0R^ + (1 - f5R)DR§_ = -PrC 
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Hence \\D^r{1 — Pji)^\\Q^p < 3/i?||^||o,p. Similarly on the support of Pr£,, the linearized operators 
Dr and D^R coincide, so 

=^ \\D,RPRao,p < 3/i?||e||o,p. 

Let ci and C2 be uniform bounds for the right inverses Q^r and Q^r respectively. Then we 
have: 

(1 - Q^RD^R)il - Pr) X (1 - Q^RD,R)ie) = [(1 - PR)i + Q^niPRO,PRi - QvJPrO] 
Combine the identity (1 — Pr)C + Pr^ = C with the estimates 

IIQuf < 3ci/i?||^||o,p WQMPROhp < 3c2/Rmo,p 

to get that for R sufficiently large, there is a constant c > such that 

11(1 - Q^nD^n){l - Pr) X (1 - > c||^||o,p. 

This proves Claim 2, completing the proof of Lemma 15.6.31 □ 

5.7. Surjectivity of the gluing map. The final step is to prove the surjectivity of the gluing 
maps near the broken tuples. Our goal will be to show that for sufficiently small e and suffi- 
ciently large R, the gluing map associated to the given tuple surjects onto A1d.o(2io) • • • > 31^)^1^ 
Ue, where the neighborhoods Ue were defined in Section [4.71 We will prove surjectivity sepa- 
rately for the different types of gluing constructions. 

Type 1. 

Proposition 5.7.1. Let 

(ri,ui) E Md-e+i,o{xo,---,Xi,y,Xi^^^i,...,x^f and 

(r2,U2) G Me{y,Xi^i,...,Xi^ef 

be regular, and let be a Gromov neighborhood of the pair. Given 5 > 0, there is an e > 
such that the following holds. If {r,u) G J7e H ■Md,o{xoj ■ ■ ■ jXdY > then there is a pre-glued 
curve {rR,UR) and a (p,^) G Tr^TZ'^'^ x (.S^^ , n JjTM) such that exp^^ p = r, exp'^ ^ = u, 

—R 

\P\ + WiWhP < ^> "-nd ip,0 € im Qr. 

Proof. We will prove it by contradiction. Suppose there were a 5 > 0, and sequences 0, 
Su <eu ^ 0, Ru = -log(5,.) oo, and {r^,u^) £ Mdfi{xQ, . . . and ri^^ n, r2,u '^2 

such that = ri^^#Si,^2,u, with the following properties as — > oo: E{Uj^) — > E{u^) + E{u2)i 
and writing [r^" ,u^'') for the preglued curve constructed with gluing length Ry, 

(5.13) inf{|p| + M\i,p\{ru,u^) = (exp^A, /o,expg;^g)} > 6. 

Our goal is to contradict 15.131 

Writing p = Pg + pi + P2 where pg is the component of p in the direction of the gluing 
parameter, it follows from the choice of gluing length Ri, that pg = 0. For sufficiently small e^, 
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the condition exp^.^^ p = determines p uniquely, so let us call it p^. The convergence of rj^^ 
to r, for i = 1, 2 implies that \pu\ ^0. 

By assumption, — > Ui uniformly on compact subsets of Sr-^ and u^J U2 uniformly 
on compact subsets of 5,2; moreover since the maps are pseudoholomorphic, convergence on 
these compact subsets is uniform in all derivatives. The preglued maps u^" have the same 
convergence properties, so for large v there is a unique section S QP{S^r^ , (u^" )*TM) 

such that exp^^^^^ = u^- enough to show that ||C^||i,p < S for sufficiently large u, 

contradicting (j5.13p . Equivalently, we will show that the U' norms of i^^, V^^^ and Vj^^ can 
be made arbitrarily small by taking v sufficiently large. 

It follows from the uniform convergence in all derivatives on compact subsets that on such 
subsets of Sri U '5r2) the norms of C^,; V^^^ and Vf^^ all go to zero as — > oo. We can 
choose these compact subsets to be such that their complement is on the striplike ends and 
neck. Hence, without loss of generality, it suffices to prove that the norms of C^,Vs^^ 
and Vf^^ converge to zero along the striplike ends and neck of the preglued surfaces. The 
exponential convergence of u^^ as well as along the striplike ends means that the norms 
of .^^ and its first derivatives can be made arbitrarily small too; so the essential thing to prove 
is that the norm of along the neck of the preglued surface can be made arbitrarily small 
with sufficiently large v. 

The neck consists of two finite strips of length R^, identified along an end to form a single 
strip, 

[-R,,R,] X [0, 1] ^ [0, R,] X [0, 1] U [0, Ru] x [0, 1]/ ~, 

where ~ is the identification of {RuA ~ ^) of the first strip with (R^,t) of the second, for 
tG [0,1]. 

Let eo > be given. Fix R > large enough that hm^^oo E{Uj^; [R, R,^] x [0, 1] U [R, R^] x 
[0,1]/ ~) < eq. Without loss of generality we can assume that eo > is small enough that 
|(9snj^| satisfies, by Proposition IB. 71 |c?sMj^| < ce~'^ ^ for all and for all s G [R,Ru], for some 
c, K > 0. Since u,^ satisfies Floer's inhomogeneous pseudoholomorphic equation on this strip, 
we deduce 

(5.14) \dtUuis,t) - XH,{uu{s,m < ce-'^'^ 

Let (pt be the flow of the Hamiltonian vector field X-^y^i^^, and consider the function := 

4>i-t{Uuis^'t)). Then 

dtu^ = i4>i-t)*{dtUu - Xu^iuy)) 

and (|5.14|) implies 

dist(S;(s, 1) - u;(s, 0)) < / |5tn;| dt < ZeT''^'. 

Jo 

Since u^(s, 1) G and 2j^(s,0) G (pi{Li_^^), this means that both are very close to an inter- 
section p G </>i(i;j_|_e) nLj. The assumption of transverse intersection implies that there is a 
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constant a > such that 

dist(Si^(s, 0),p) < a dist(S^(s, 0), L^) 

< a dist(5j,(s, 0),S^(s, 1)) 

< a c 6""^^ 

Now for every other t, 

dist(S^(s, < dist(Uj,(s, i),S^(s, 0)) + dist(Sj,(s, 0),p) 

< ce-^^'it) + ac e-"^' < b e-"^'. 
In terms of the original function u^, and writing = p, this estimate translates into 

dist(Mj,(s,i),x(i)) <6e~'^^^ 
By construction, the prcglued curves satisfy a similar inequality, and so 

dist(uj,(s,i),u^''(s,t)) < dist(n^(s,t),x(t)) +dist(x(i),«^''(s,t)) < C e""^* 

Taking the norm on a strip [R, Ry\ x [0, 1] gives 

/"^' C \i r < C e-P"'' ds = ^(e-P"'^ - e-P"'^''), 

Jr Jo ~ Jr Pk^ 

and this can be made arbitrarily small by choosing R large enough. By symmetry the same 

estimate holds for the strip [R, R,^] x [0, 1] on the other side of the neck. Thus, the LP norm of 

^ on the neck can be made arbitrarily small as i' ^ oo. 

Now we consider the L'^ norms of V^.^^ and ^ti^- First note that since converges uniformly 
in all its derivatives on compact subsets of Sr^ and to the limits Ui and we see that 
on such compact subsets we have uniform estimates for |Vs^^| and |Vt^| 0. On the 
striplike ends of 5^^, the exponential convergence of and y^" to the same limits mean that 
the LP norms here can be made arbitrarily small. Therefore what we need to show is that the 
LP norms of V^^^ and V^^^ on the neck, which varies in length with can be made arbitrarily 
small with large v. 

Write exp Q : TM M, and consider dexpQ : T{TM.) TM. At a fixed point {p, ^ G TM 
we can take a tangent vector {C,r)),( G TpM, rj G TpM, and write 

where Diexp^^, corresponds to varying the bascpoint p while keeping all else fixed, and Z)2exp^, 

corresponds to fixing the basepoint p and varying the tangent vector ^. In particular Diexp'^ 

P}^ 

and £)2exp^ are the identity, so for small they are invertible. Hence 

(5.15) (Z?2exp'5)-V_^^)(9,M. - (I)iexp«)(„«.,gj5.M'^'') = V^^ 

(5.16) (^2exp'3)(-„V,e )idtu, - (£'iexp«)(„H.,|j5tu^'') = V^^- 
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First we analyze (I5.15p . The operators (D2exp'3)^^^^ ^ ^ and {Diexp'^)(^^R^ -) can be uni- 
formly bounded for ||^^||oo < so by Proposition IB.7I we get on each strip [R, R^] x [0, 1] on 
either side of the neck, 

|V4J < ci|a,Mj + C2|9,n^1 < Ae-"'^ 
for some constant ^ > 0, and therefore 



I " I A 
/ / \VsiJdsdt < — (e- 
Jr Jo -'^ Pi^ 



which can be made arbitrarily small by choosing R large enough. The same estimate holds by 
symmetry on the other side of the neck. From this W6 conclude that 1 1 LP can be made 

arbitrarily small for large v. 

Now we analyze ()5.16p . We can write 

dtu^" = Jt{u^'^){dsU^") + XHSu^") + E,{s,t) 

where Ei,{s, t) is an error term that is supported only on the compact interval s € [Ru/2, Ry/2 + 
1] of each of the two strips making up the neck, with \Ejy{s,t)\ < 5y ^ Q as v ^ oo. Together 
with (|5.16p this yields a pointwise estimate 

iVtej = |(Z)2exp«)^^V,gj(5ili.-(^i£^p'^)(««^4)5tM''^^ 

< ci\dsu^\ + C2\dsU^-\ + C3\Xh^{u^) - {Diexp^)(^^R,^^jXH^{u^-)\ + C4\E^{s,t)\ 

< C5i\dsuJ + \dsU^-^\+dist{u^,u^-') + \E^{s,t)\). 

From this, applying the estimates for |9sM,^|, \dsU^'^\ and dist{u^,u^'') and \E,y{s,t)\ we get 

JR Jo Jr Jo 

+ disiiu^, u^'^ f + \E^{s,t)\P) ds dt 

f-Ru ,-R^l2 

< C7 e-" ' ds+ 81 ds 

Jr Jr,J2-i 



and it is clear that this can be made arbitrarily small by taking R large enough. 

This provides a contradiction to (|5.13p . Hence, given (5 > 0, there is an e > such that 
whenever (r, n) € -Mdfli^oi ■ ■ ■ i^Hd) ^ ^e-, there is a gluing length R such that r = exp^^ P,u = 
exp^ ^, with IpI + < S, and with pg = 0. By ()5.7p . this implies that (p, ^) G im Qf>. □ 
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Surjectivity for Type 2. 

Proposition 5.7.2. Let (rojUg), (^"1,^1)) • • • > i^k^Uk) regular, and let he a Gromov neigh- 
borhood of the tuple. Given 5 > 0, there is an e > such that the following holds. If 
(r,u) € UeHMcifiisioj ■ ■ ■ i^d)"*^) then there is a pre-glued curve {rR,Upi) and a {p,^) € Ty^TZ'^'^ x 
il^{Sr^,'u*^TM) such that exp,^^ p = r, exp'^ ^ = u, \p\ + ||^||i,p < 6, and {p,C) S im Qr. 

—Ft 

Proof. Again observe that for sufficiently small e > 0, if dist'ji{r,rQ#Q{ri, . . . ,rk}) < e, the 
local charts near the boundary provide a unique way of writing r = f()^g^{ri, . . . ,f^.} with 
< 5r <: e and with each fj in an e-neighborhood of r^. So now suppose that there were a. 6 > 
and sequences e,y —>■ 0, {ry,u^) G M.dfl{xQ-, ■ ■ ■ and Q < 5^ < e^, Ru = — log<5i/ — > 00 such 

that ry = fo^y#s^{ri,u, ■ ■ ■ , fk.u}-, and distM_(w(^), Mj(-z)) < on all compact subsets of Sr^, but 

(5.17) inf{|p| + ||^!|i,p|r-,. = exp^_^ p.u^ = exp^ Q > 6. 

Then the convergence would be uniform in all derivatives on those compact subsets, and we 
could choose the compact subsets to be large enough that their complements comprise the 
striplike ends and the k necks of the glued surfaces 5^0^^ {ri,...,rk} ~ ^rj^^- However on these 
striplike ends and these necks, the energy of must approach 0, and the same exponential 
decay arguments would imply that n^, = exp'^ ^ for some ^ E VL^{Sr^ ,u*j^ TM) with 

||Cj^||i,p ^ as — > 00. Since \pu\ —>■ also, we would get a contradiction to (j5.17p . Hence 
given (5 > we could find an e > such that (r, u) G ■Mdfl{xQ, . . . n could be written 
as r = exp^^ P,u = exp^ ^ for some preglued curve {rji,Uji), with \p\ + ||C||i,p < S. Moreover, 
this p is such that pg = 0, so it follows from (jS.Sp that (p, ^ G im Qr. □ 

Surjectivity for Type 3. 

Proposition 5.7.3. Let (ro,Uo) o-r^d v_ he regular, and a Gromov neighborhood of the pair. 
Given (5 > 0, there is an e > such that the following holds. If {r,u) G C/e fl Md,o{xoi ■ ■ ■ ^^dY > 
then (r, u) is in the image of the gluing map. 

Proof. In this case it suffices to prove the following: 

Claim 1: Given Ri >> 0, and 5 > 0, there is an e > such that the following holds. If 
{r,u) G n Md,o{xo, ■ ■ ■ i^d)^ ! then there is an R > Ri, and a preglued curve {rR,Ufi) and a 
G TriJZ'^^^ X VL^{Srji,u\TM) such that exp^^ p = r, expQ i = u, and \p\ + < 6. 

— R 

To see how Claim 1 implies Proposition 15.7.31 the argument is as follows. From Section [5.61 we 
know that the image of the gluing map is contained in the one dimensional component of the 
moduli space of pseudoholomorphic quilted disks, Mdfl{xQ, ■ ■ ■ ■ The image of [Rq, 00) is 
a connected component of this one-dimensional manifold. The implicit function theorem also 
tells us that in a local trivialization about a preglued curve {rR,Ufj), we get a local chart for 
M d,o{xo, ■ ■ ■ j-^d)^- This chart contains g{R), so the piece of the manifold A^d,ofeo' • • • ^^dY 
covered by the chart intersects the image of the gluing map. So we want to show that if R is 
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sufficiently big, and 5 is sufficiently small, then the piece of the one-manifold determined by 
the local chart about {ro,u^) is contained in the image of the gluing map. 

The preglued curves Uj^ are defined on the same domain Sr^, but by construction any two 
of them will differ by a translation in the s direction sufficiently far along the striplike end 
Zj. The magnitude of the distance between these translations depends on distances between 
points in v, and the size of the difference in gluing lengths. Since v is non-constant we can 
chooose 6 > small enough that for any Ri, there will eventually be an R' > Ri such that the 
preglued curves Uj^ for R> R' can not be written = exp^ ^ with ||^||i,p < 6. In particular, 

for R > R' the preglued curves {ro,ujij are not in a 5- neighborhood of the local trivialization 
about {ro,Uj^^), and similarly (r'o,^^^) is not in a (5- neighborhood of the local trivialization 
about {rQ,Uj^). So considering the gluing map g : [Ro,oo) M.d,o{xQ, . . . , , by making 
6 > smaller if necessary we can assume that the hypotheses of the implicit function theorem 
are satisfied. Then we can fix an Ri > Rq such that the respective (5-neighborhoods of {ro,Uji^) 
and {ro,Uji^) are disjoint. If we suppose, as in Claim 1, that (r, u) G Ald,o(^0' • • • is such 
that r = exp^jj P,u = exp'^ ^ for some R > Ri, and \p\ + \\S,\\i,p < S, then (r, u) is in the local 

—Ft 

chart around (ro,U/j). But since R > Ri we see that g{Ro) is not in this chart, and we can 
choose an R2 >> R large enough that g{R2) is also not in that chart, but by the connectedness 
of the image of the gluing map this means that the whole chart is contained in the image of 
the gluing map. 

Proof of Claim 1 For the sake of contradiction suppose that the assertion were false. Then 
there would be some 5 > 0, and sequences ^ 0, R^ = — loge^, — > 00, t^, > 2Ry — > 00, and 
{ru,Uu) S MdfiixQ, ■ ■ ■ such that 

• dist7^(r;,,ro) < e^, 

. \Eiuo) + Eiv) - Eiu,)\ < e„ 

• dist m_{Uj^{z),Uq{z)) < ty for all z G 5^", and 

• dist(u:^(s + T;^, t), w^s, t)) < for all s G \—Ri,^Ry\^ 

and yet for every 

(5.18) inf{|pl + ||^||i,p|r,, = exp^y(p),u^ = expg^(g)} > b. 

For large the condition exp^^ p = uniquely determines p =: p^, and the convergence 
implies that \py\ — > 0. So the quantity \p\ becomes insignificant in (I5.18p . We will arrive at a 
contradiction by showing that the norms ||C||i,p in (jS.lSp must also go to for large v. The 
assumptions show that converges to Uq uniformly on compact subsets of Sr^ , and since both 
are pseudoholomorphic the convergence is uniform in all derivatives. On the striplike end Zj, 
Uu{s + r„, t) converges uniformly on compact subsets of M x [0, 1] to t); and since they are 
pseudoholomorphic curves the convergence is uniform in all derivatives. Moreover, the preglued 
curves (rg , u^^ ) converge in the same way. For each v the energy of restricted to the subsets 
[R{ey)^Tn — R{^u)\ X [0, 1] and s > Tn + Ri^u) of the striplike end Zi goes to zero. Thus, the 
proof reduces to the same calculations as done for Type 1. That is, the uniform estimates 
of convergence on those compact subsets of Sr^, combined with exponential decay estimates 
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based on the vanishing energy of the strips in the complement of those compact subsets, show 
that for sufficiently large v there is a unique section ^ [Sr^ , Ur^, ) which exp*^ ^ = 

and 11^ lli^p 0, contradicting 15.181 □ 



Appendix A. Sobolev embeddings. 

We collect relevant W^''^ embedding statements for domains in M^, to verify that for each 
quilted surface S constructed in Section [21 there exists a constant Cp such that 

I1/||l=°(5) < Cp(S')||/||^i,p(5) 

and that for the families constructed in Chapter 4, there is a uniform bound Cp(S') < cq. The 
following theorem is a consequence of general Sobolev estimates (see Theorem B.1.11, |5]). 

Theorem A.l. Lti S C he a compact Lipschitz domain. Let u G C°^{S). Then there is a 
constant c, depending only on p, such that 



sup|n(s,t)| < c||?i||^i,p. 

c? std 



Here the W^^^ norm refers to the standard volume form ds A dt 



on 



For a general volume form dvol^, we have the following consequence of Theorem lA.ll 

Corollary A. 2. Let S C be a compact Lipschitz domain, and dvolg = f{s,t)ds A dt a 
volume form on S. Let u £ C°^{S). Then there is a constant c = c{p) (in fact it is the same 
constant as in Theorem \A . 1]) such that 



sup\u{s,t)\ < — —j-\\u\yi.p^s) 

S yjminj 

for all z £ S, where || • denotes the W^'^ norm defined by the volume form dvol5, and 

fmin = min f{s,t). 
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Proof. Since f{s,t)ds A is a volume form, f{s,t) > for all {s,t) € S. Moreover, S is 
compact so / achieves a minimum fmin > 0. Hence, using the constant c of Theorem lA.H 

sup |u(s,t)| < c||n||^yi,p 

1/p 

c{ 1 1 {\u\P + \du\P)ds A dt 



s 

. i/p 

c I / / i\u\P+\du\P)j^dsAdt 

i/p 

< c\ 1 1 {\u\P + \du\P)^p^dsAdt 

J J Jn 

S 

^ 1/p 

' ^'^\\u\P + \du\Pf{s,t))dsAdt 



s 



fmin 
C 

J min 



□ 



Similar estimates hold for unbounded domains whose geometry satisfies a cone condition; 
see yy. Chapter 5. 

Definition A. 0.4. A domain 17 C satisfies the cone condition if there is a finite cone 
C = C{rc,Oc) such that each x G is the vertex of a finite cone Cx contained in and 
congruent to C. 

Theorem A. 3. Let fl C M."^. Suppose that satisfies the cone condition for some finite cone 
C = C{rc,6c), CLnd let p > 2. Then there is a constant c = c{rc,0c,p) > such that for every 
f e n W^'P{n), and every x^n, 

\f(.x)\ < C||/||vi/l,p. 

Theorem A. 4. Let S = SiD . . .L) Si be a surface defined by a union of open sets Si, such that 
each Si is one of the following types: 

(a) The closure of Si is difjeomorphic to a compact Lipschitz domain Si C M^. 

(b) The closure of Si is difjeomorphic to a domain Si C M? that satisfies the cone condition, 
for some cone Ci = {ri,Oi), and the volume form on S restricted to Si is the pull-back 
of the standard volume form on B? . 
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Then there is a constant c, depending on p, the cones in the cone condition, and the volume 
form dvols restricted to the Si 's of type (a), such that 



sup \u\ < C\\u\\wl,p(^s) 

s 



for allue C°°{S)nW^'P{S). 



Proof. Let {pi} be a partition of unity subordinate to the cover Si U ... L) Si of S. Then 
u = J2 Pi'^^ each piU G C°°{Si) fl W^'f{Si). By Corollary IA.2I and Theorem lA. 31 there is 

i=l 

a constant Cj which depends on p and, in the case of the subsets of type (a), the volume form 
dvols restricted to those components, such that 

sup\piu\ = suj)\piu\ < Ci\\piu\\wi,p(^Si) = Ci||Pj^lliyi>p(5) < Cj||u||t^i,p(5). 

S Si 



I I / ' \ 

Hence, sup |n| < sup X] \Piu\ < Yl sup \piu\ < Ci] ||n||tyi>p(5) 
s S i=l i=l s \i=l J 



C\\u\\y^\,vl^S). 

n 



Appendix B. Exponential decay 

Results on exponential decay for Floer trajectories with small energy follow from two things: 
a convexity estimate for the energy density of a trajectories in a sufficiently small neighborhood 
of a generalized intersection point, and a mean- value inequality that converts 1? energy den- 
sity estimates to pointwise estimates. The results we collect here are based on the convexity 
estimates in [6], and mean- value inequality in [9]. 

Without loss of generality, we only need to consider solutions to 

(B.l) dsU + Jtdtu = ^, 

n(s,0) C Lo,n(s,l) C Li, 

where Lq and L\ are transversely intersecting Lagrangians. This is because a solution of the 
inhomogeneous equation, 

(B.2) dsu + Jt{dtu - Xu,(u)) = 

u(s, 0) C Lq,u{s, 1) C Li, 

can be translated into a solution of type (jB.ip by setting u{s, t) = (/)i_t(ti(s, t)), where cpt is the 
time t flow of the Hamiltonian vector field Xnt, and Jt := {(f)^\)*Jt, which satisfies 

dsU + Jtdtu = 0, 
n(s, 0) C 0i(Lo), n(s, 1) C (l)o{Li) = Li, 

and by assumption the Hamiltonian perturbation is such that </>i(Lo) intersects Li transversely. 
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Consider a solution li : / x [0, 1] ^ M of (jB.ip where / = [— T, T], [T, cxo) or {—oo, —T] for 
some T > 0. We assume that / is fixed. The energy density of u on this strip is the function 

(B.3) e{s,t) := uj{dsu{s,t), Jtdsu{s,t)) = \dsu{s,t)\\ = \dtu{s,t)\\ 

Let A = 5^ + df be the Laplace operator on / x [0, 1]. 

Lemma B.l. There are constants Ai,a, Bi,b,Ci,c > 0, which depend on M,uj,Jt and the 
Lagrangians Lq,Li, such that if u : I x [0,1] M satisfies liB.l\) . then its energy density, e, 
satisfies 



(B.4) 
(B.5) 

(B.6) 



Ae > —Aie — ae 



de 

di 
de 

di 



t=o 



t=i 



> -Bie- he^'"^ 



< Cie + ce' 



3/2 



Proof. First we prove ()B.4p . We abbreviate = dsU,r] = dfU,; so ^ + Jt{u)r] = 0. Consider the 
(i-dependent) Riemannian metric (•, •) on M, and let V be its Levi-Civita connection. Then 

from which we get that 

Ae{s,t) = 2ds{Vs^,0.h+'idt{Vt^,0jt+dt{M,M)jt 

= 2(v,v.e,Ojt + 2(v.c,v,e)j, 
= 2(v,Vse,Ojt + 2(v.c,v.e)j, 

+2(VtVt^, + 2(Vte, VtO J, + 2( JtVt^, JtO J, 

+((Vt jt)e + JtVt^, Jt0.h + {M, (Vt Jt)e + JtVtOjt - {M, jfOjt 

Since VtJt = J + J and Vt Jt = Jt + Jt, there is a constant C2 > that depends on Jf 
and and exists because of the compactness of M, such that the operator norms 

ll^ilUl^tll < C2 

llV^Jtll < C2(|77|j, + l)=C2(|e|j, + l) 
llV^jj < C2(|??|j,+l)=C2(|e|j, + l) 



where the equalities follow from the identity ij = Jf^^, with Jf an isometry for the metric 
(•, . We temporarily drop the subscript Jt from our notation for the metric for the next few 
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calculations, since there is no danger of confusion. So we can estimate 

\{{Vtjt)tM)\ > -C2(iei + i)iep 
\{jtVt^,jtO\ > -c2|Vieiiei 
\{M,i^tJtm > -4m + m\' 

\{M,Jt'7tO\ > -c2|ei|Vtei 
liMJtOl > -ciiei' 

=^ Aeis,t) > -2|(V2 + v2)^||^|+2|V,^P + 2|VtC|2 

~{c2 + clMf-{c2 + 2clm'-2c2\Vtm\- 
It remains to estimate [(V^ + V|)^|. Since we are using a Levi-Civita connection, Vj^ = VsV- 
Write R{-, ■)• for the curvature tensor associated to V. Then 

V.V.C + VtVtC = V,V,C + VtV,r/ 

= VsVs^ + (VtVsV - V,Vi?7) + VsVtV 
= V,(V,C + Vt77) + i?(7?,0??- 

Analyzing V^^ + VtV- 

V4 + Vtr7 = Vs{-Jtv) + ^t{JtO 

= ~{VsJt)7]- JtysV + i^tJt)C + JtVtC 
= -{VsJt)v + {^tJt)C 
=^ Vs(V4 + Vt?7) = -{V'iJt)v-{^sJt)Vs7] 

+(V3Vt Jt)e + (Vt Jt)V,e 

Putting things together gives 

+(V,Vt Jt)C + (Vt Jt)V,? + R{v, mv)- 

Since VgJt = ^^Jt and VtJt = ^r)Jt + Jt, there is a constant C3 depending only on to, Jt, and 
the fact that M is compact, such that we can estimate operator norms 

llV.Jtll < C3ICI 

iiv,(v,Jt)ii < C3(iv,ei + 

||V,(VtJt)|| < c3i\Vsv\ + mv\ + \C\) 

= C3(iv*ei + iep + iei). 

Also by the compactness of M there is a uniform constant C4 > such that \R{X,Y)Z\ < 
C4\X\\Y\\Z\ for all X,Y,Z e TpM, and all p € M. Hence, 

iV^e + V?^! < cs{\Vs^\ + \eM + C3m^sV\ + C3i\VtC\ + \e + m^\ 
+C2(|e| + l)|V,e| + C4|r/p|e| 

= C3|V,^||^| + Csl^f + CslellVt^l + CslVt^ll^l + Csl^f + C3|^|=^ 

+C2|C||V4|+C2|V,C|+C4|e|' 
= C2|V,C| + (C3 + C2)\Vsm\ + 2c3|Vte||el + (2C3 + 04)1^1' + C3ICI' 
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leading to the estimate 

Ae > -2c2\Vsm\ - 2(C3 + C2)|V,e||el' - 4c3|Vte||ei' - 2(2c3 + c^M^ - 2c3\^\^ 
+2|V,eP + 2|Vte|' - (C2 + ci)|eP - (C2 + 2c2)|e|2 - 2c2|Vte||el 

> 2|v,ep + 2|Viep - c\Vsmc\' + lei) - ciVi^Kiep + lei) - cd^r + \cf + lei' 

where c > is chosen large enough to absorb the other constants. We apply the estimate 
2xy < + y'^ to the mixed terms, 

iv.ei(iep + iei) < f iv.ep + ^(icp + ici)' 
|v*ei(icp + iei) < f iv*ep + ^(iep + iei)'. 

Choosing e > sufficiently small that Be^ /2 < 2c\ leads to an inequality 

Ae(s,t)>-I(|C|^ + |CP + leP) 

where A depends only on Jt,M,uj. The term can be absorbed into the other terms, in the 
sense that we can find constants j4i > 0, a > such that 

m\' + lel' + ICl') < MC\' + a\Cf < Ai\^\l + a\^\X = Aie + ae^. 

Thus Ae > —Aie — ae^, proving ()B.4p . 

Now we prove ()B.5p . ()B.6p . In each case we fix a reference Riemannian metric (•, •) on M 
that renders Lq (respectively Li ) totally geodesic, and write V for its associated Levi-Civita 
connection. Since the manifold M is compact, there are uniform constants ci, C2 > such that 
for all peM,X £ TpM, and for all t G [0, 1], 

ci\X\j, < \X\<C2\X\j,. 

Then in either case we have 

— = dtUj{dsU,Jt{u)dsu) 

= 2ijj{VtdsU, Jt{u)dsu) + Lo{dsU, {VtJt)dsu) + {V dtu'-^){dsU, Jt{u)dsu). 
For the first term, 

VtdgU = V sdtu 

= Vs{Jt{u)dsu) 
= {Vd^uJt)dsU + Jt{u)VsdsU 
=^ \uj{VtdsU,Jt{u)dsu)\ < \uj{VQ^uJt)dsU,Jtiu)dsu)\ + \uj{Jt{u)VsdsU,Jtiu)dsu)\ 

< C3\dsu\^ + \Lo{VsdsU,dsu)\. 

Evaluating at t = i where z is or 1, the boundary conditions on u imply that dsu{s,i) E 
Tu{s,i)^ii s-i^d since Lj is totally geodesic Vsdsu{s, i) G T^(^g^{^Li. Thus, &tt = i, ujiV sdsU, dgu) = 
0. Since Vj Jj = V g^uJt + Jt, there is a constant C4 > such that ||Vj Jj|| < Ci{\dtu\ + 1). With 
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this, the second term can be estimated by 

\uj{dsU,{WtJt)dsu)\ < c^ldsul"^ {\dtu\ + I) 

< ceildsuf + \dsu\^) 

< C7i\dsU\l + \dsU\l) 

= C7(e3/2 + e). 

To estimate the last term, by compactness there is a uniform constant cg > such that 
\{Vd,uUj){dsU,Jt{u)dsu)\ < cs\dtu\\dsu\^ 

< C2C8\dtu\j^\dsU\\ 

= C2C8\dsU\\ = C2C8e^/^. 

Combining all estimates gives |^|^_^ < De + de^^"^ , proving (IB.Sp . (|B.6p . 

□ 

We use the mean- value inequalities of [9j for n = 2. 

Theorem B.2 (Theorem 1.1, [9]). There exist constants C, ^ > such that the following 
holds. Let Br{0) C be the ball of radius < r < 1. Suppose that the non-negative function 
e G C'^{Br{0), [0, oo)) satisfies for some Aq, Ai,a > 0, 

Ae > — Aq — Aie — ae'^ and / e<fia^^. 

Then 

e. 



e(0) <C^or^ + C7(Ai+r-2) l 

J Br 



(0) 



Theorem B.3 (Theorem 1.3, pj). There exists a constant C, and for all a,b>0 there exists 
fi{a, b) > such that the following holds: Consider the (partial) ball Dr{y) C 'M? for some r > 
and y G H^. Suppose that e G C'^{Dr{y), [0, oo)) satisfies for some Aq, Ai, Bq, Bi > 

Ae > -Aq - Aie — ae'^ , 



Then 



9\ ^ ^ R I R ^ I A^3/2 and / e<fi{a,b). 
al^lan^e <Bo + Bie + be' J j^^^y^ 

e{y) < CAor^ + CB^r + C{Ai + Bf + r"^) / e. 

JDriy) 

We apply these theorems to the estimates of Lemma iB.ll In the following we write I1/2 = 
{s 6 /|[s — l/2,s + 1/2] C /}, i.e., all points in the interval I which are at least distance 1/2 
from the endpoint(s) of /. 



^ In [9] the Laplace operator is —ds — dt, , so at first sight some inequalities appear reversed from those in 
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Corollary B.4. Suppose that u : / x [0, 1] — > M is a solution of ^B.l\) . Then there is a 6 > Q 
such that if E{u) < S, then there is a constant C depending on M, Jt,Lo, Li such that for every 
s G h/2, 

nS+l/2 pi 



(B.7) 



e{s,t) < C 



s-l/2 Jo 



e dt ds. 



Proof. This will follow from the theorems and Lemma IB.H since the derivative in the outer 



normal direction at f = is precisely 



de 

" at 



while at i = 1 it is precisely 



at 



So given the estimates of Lemma iB.l^ fix 5 small enough that for each s G /i/2i the uniform 
inequality 



e < E{u) < 6 

is enough to imply that the mean-value inequalities of the Theorems hold; the choice of such a 
6 therefore depends on the constants a, b and c in the estimates of Lemma [B.ll Then it follows 
directly from the mean-value inequalities of the Theorems that there exists a uniform constant 
C such that 

(•s+l/2 

e<C I e dt ds. 



e{s,t) <C e<C / 



□ 



We now study solutions of (IB.ll) with energy E(u) < 5. If 6 is small enough, then the 
mean-value inequality provides a uniform pointwise bound on the sizes of dtu and dsU for 

{s,t) G h/2 X [0, 1], 

(B.8) \dtu\l = \dsu\l < C'5. 

In particular, for a fixed s G Ii/2-, the path 7^ : [0, 1] ^ M defined by 7s(i) := u{s,t) satisfies 

distM(7s(0),7s(l)) < Ci [ Wish, dt 

Jo 

< C,{ f \\dtu\\\ dtfl^ 
Jo 

(B.9) < Ci{C'6)^/\ 

By the transversality of the intersection LqDLi, and the compactness of M, intersection points 
are isolated in M so if 5 is small enough, all paths 7^ are close to the same intersection point 
p G Lq f] Li. Thus, given any neighborhood of this p G Lq D Li, one can choose 6 > small 
enough that each path 7^, s G /i/2) is contained in that neighborhood. 

Define / : /1/2 ^ M by 
(B.IO) fi^s) = \j\dM\dt. 
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It follows from [6j that given an intersection point p LqD Li, there is a neighborhood U of p 
such that the the function f(s) satisfies a convexity estimate 

(B.ll) Rs) > K^fis) 

for some k > 0. Therefore, choose 5 small enough that all paths 7^ are contained in such a 
neighborhood. Combining this convexity estimate with the mean value inequality again, we 
can prove the following standard exponential decay results for strips. 

Proposition B.5. Let u : [0,oo) x [0, 1] — > M be a solution of IIB.1\) . such that E{u) < 00. 
Then there exist constants k > and A > such that 

(B.12) \dsu{s,t)\ < A e-^'. 



Proof. We can safely ignore a compact subset [0, T] x [0, 1] of the strip, which can be bounded by 
some fixed constant. So choosing sufficiently large T we can assume without loss of generality 
assume that the strip is of the form [T, 00) x [0, 1], the energy of u restricted to this strip is 
less than 6 for which the convexity estimate (1B.11|) holds. Note that the fact that E(u) < 00 
implies that dgU ^ as s ^ 00, so in particular /(s) ^ as s — > 00. Then for s > T, we have 
that 

f{s) > K^fis). 

This convexity estimate on f{s) implies (explained, for instance, in [6]) an inequality /(s) < 
gg-Ks £qj, gQj^g c > 0, i.e., 

f{s)= C\dsu{s,t)\\ dt<ce-^'. 
Jo 

Now by ()B.7P we get 

rs+1/2 

\dsuW <C f{s) ds<C c e-'=("-i/2) ^ ^ ^-Ks^ 

Js-l/2 

□ 

Proposition B.6. There is a S > so that the following holds. For any solution v : [—p,p] x 
[0, 1] M of IIB. 1]) with E{v) < 5, there is a k. > such that 

(B.13) E{v; [-P + T,p-T]x [0, 1]) < e-^^E{v) 

for alll<T < p/2. 



Proof. Take 5 to small enough that E(v) < 5 implies the a priori estimate (IB.SP for all —p+ 1 < 
s < p — 1, as well as the convexity estimate (|B.lip . Let us write 

E{T) ■.= E{v;[-p + T,p-T] x [0,1]). 

Then in terms of /, we have 

rp-T 



E{T) = r f{s)ds 
J-P+T 
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is a monotone decreasing function of T. Taking derivatives with respect to T, 
E'{T) = -f{p-T)-f{-p + T), 

E"{T) = f{p - T) - f{-p + T)= r f\s)ds > A2 r f{s)ds = K^E{T). 

J~p+T J-p+T 

Thus e-'^^iE'iT) + kE{T)) is monotone increasing. An inequahty E'(T) + kE{T) > would 
imply that 

e-''^{E'{T) + kE{T)) > a > 0, 

so that E'{T) + kE{T) > e'^^a would imply imply(e''^£;(r))' > e^'^^a, i.e., E{T) grows expo- 
nentially, which is impossible. Hence E'{T) + kE{T) < 0, so e'^'^E{T) is monotone decreasing, 
and e'^^E{T) < E{0) = E{v) implies E{T) < e-'^^E{v). 

□ 

Applying the mean-value inequality we get the following description of the behavior of long 
pseudo-holomorphic strips with small energy. 

Proposition B.7. There is a 6 > so that the following holds. For any solution v : [—p,p] x 
[0, 1] M of W. 1\) with E{v) < 5, there is a k > and ^ > which depend only on M, a;, Jt, 
Lq and Li, such that 

(B.14) \dsv\% < AJe-'^l'^l 

for all s S [—p + 1, p — 1] . 

Proof. This is an application of the mean- value inequality to the previous lemma. By (]B.7p we 
have, for each s G [—p + 1/2, p — 1/2], 

r\s\-l/2 rl 

\dsu{s,t)\\ < C / \d,u\% ds dt = CE{\.s\- 1/2) 

J-\s\+l/2 Jo 

< CE{v)e-'^^\'\-^/^^ < Cbe'^l^e-''\'\ =: ^(^e^'^l'l. 

□ 
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